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Abstract
The design of supersonic and hypersonic vehicles involves the challenging task of
designing thin panels that can withstand severe unsteady pressure and thermal loads.
A good understanding and accurate prediction of the coupled structural-acoustic
response of thin panels subjected to sound waves are key elements of this design
process. Due to the cost of in-flight testing, the experimental assessment of the
structural-acoustic response of skin panels is usually conducted in ground-based fa-
cilities consisting of a duct in which acoustic waves propagate at grazing incidence
with skin panels mounted along the duct walls. A key limitation of such facility is
the absence of flow, the impact of which on the structural-acoustic response of the
skin panel is still poorly understood. To shed some insight on this key contribution,
this analytical and numerical study focuses on the structural-acoustic interaction of
sound with a thin elastic plate mounted flush on a wall in a rectangular duct in the
presence of a uniform mean subsonic and supersonic flow.
A linear, time-harmonic theory based on modal descriptions of the plate velocity
and duct acoustic fields is first developed. The theory includes the effect of uniform
mean flow in the duct and clamped and simply-supported boundary conditions for
the plate. The sound radiated by the plate is calculated using Doak’s theory [22],
extended in this work to account for subsonic and supersonic uniform mean flow
in the duct, and verified using the numerical solver. The theoretical model provides
important insight on the effect of flow in the duct on the coupled response of the plate.
Four metrics characterizing the coupled response are considered: the deviation of the
peak response frequency from the in vacuo natural frequency of plate, the amplitude
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of the peak response, the effective acoustic damping of the plate, and the plate modal
coupling through the duct acoustic field. The theory is extended to estimate the
onset of instability in the structural response of a duct-mounted clamped-plate with
grazing flow for estimating its range of applicability.
Numerical simulations of the coupled response of a duct-mounted clamped plate
are performed using a 3D coupled numerical solver, which includes a high-fidelity
finite difference fluid solver and an implicit finite element structural solver in a fully
coupled framework. The 3D solver is used to predict the response of duct-mounted
thin plates to plane waves with a broadband frequency content and in the presence
of a uniform mean flow. The spectral response of the integral average of the rms
plate velocity is computed for two plate thicknesses at various Mach numbers, and is
compared with that computed using linear theory. The predictions provided by the
theoretical model compare well with the numerical models except in the presence of
an instability.
For a typical aerospace structure, the plate-fluid coupling does little to change the
fundamental vibration frequencies from their in vacuo values but significantly alters
the amplitudes of the plate vibration. The effect of flow on the structural-acoustic
coupling is mainly by modifying the acoustic source structure of the vibrating plate
and by modifying the radiation pattern. Further, the inter-modal coupling through
the acoustic field is also a strong function of M∞. The effect of flow in most cases is
to reduce the amplitude of the plate response until panel instability sets in.
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Chapter 1
Introduction
1.1 Historical perspective
Sound manifests itself in a compressible fluid as an unsteady pressure fluctuation
around the static pressure [44]. Such fluctuating pressure, when acted on the surface of
an elastic panel, forces the surface to vibrate, which further modifies the pressure field
in the vicinity of the plate and beyond. This radiation loading can be comparable in
magnitude to the elastic and inertial loads acting on the structure. Thus the radiation
loading can modify the forces acting on the structure and, since the radiated acoustic
pressure depends on the structural velocity, a coupling between the fluid and structure
exists, and both domains have to be solved simultaneously.
Structural-acoustic interaction has many applications in aerospace, naval and
biomechanical systems. One of the earliest recorded discussions on structural-acoustic
interaction was by Lord Rayleigh who, in his book Theory of Sound [56], investigated
the reaction of air on a rigid circular plate vibrating with a simple harmonic motion
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in an equal circular aperture cut out of a rigid plane plate extending to infinity. He
showed that the reaction of the air is represented by supposing the vibrating plate to
carry with it an additional mass of air equal to that contained in a cylinder whose
base is the plate, and whose height is equal to 8R/3pi, where R is the radius of the
circular plate. Years later, in the wake of the World Wars and prompted by the
development of the sonar technique, there was renewed interest in structural-acoustic
interaction of submerged structures in the high fluid loading limit. Noise from air-
conditioning ducts is another practical situation where structural-acoustic interaction
of thin plates is significant [19]. With aircraft, structural-acoustic interaction in the
light fluid loading limits also became significant, to reduce cabin noise and for better
design of skin panels.
In this latter application, the design of aircraft panels to acoustic fatigue requires
the prediction of structural response to high intensity unsteady loads [7]. This is
especially the case for the design of hypersonic vehicles due to the extremely high,
unsteady, thermal and acoustic loadings involved [30]. Figure 1.1 shows typical loads
that such vehicles can encounter during their flight. These loads are quite severe and
can induce structural failure [8, 31]. An example of such a structural failure which
occured in F-15 aircraft was reported by [51] and shown in Figure 1.2. Therefore,
the prediction and characterization of the response of thin panels to acoustic loads is
important. The predictions made using analytical and numerical tools are validated
with experiments. Experimental investigations of structural-acoustic response of thin
panels is usually conducted in ground facilities such as the Progressive Wave Tube
(PWT) facility and Sub-Element Facility (SEF) (Figures 1.3 and 1.4) available at
AFRL. The importance of structural-acoustic coupling was emphasized by Hollkamp
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et al. [32, 34] in their comparison between SEF experimental observations and modal
model predictions. In particular, they pointed to the key role played by radiation
damping at high acoustic loading. However, while facilities such as the SEF can
provide important insight on the coupled structural-acoustic response of thin panels,
they cannot capture the key contributions associated with the presence of grazing
flow.
There is, however, a large gap in the understanding of how the presence of flow
affect the coupled response of thin plates to acoustic loads. In particular, when
measurements are taken in the SEF at low velocity conditions, there is little guidance
on how to extrapolate the data to cases when a strong grazing flow is present. In
this work, we try to understand this aspect of the flow on the coupled response using
two techniques : (i) analytical theory and (ii) numerical simulations. We develop an
analytical solution for the fully coupled response of a thin plate mounted in an infinite
rectangular duct having uniform mean flow. The plate is subjected to harmonic planar
acoustic waves at grazing incidence in the presence of flow. The responses of clamped
and simply-supported plates to harmonic loads in presence of flow are considered.
The formulation can be extended to the case where the plate is backed by a cavity
as in Ref. [37]. No assumptions are made regarding the flow Mach number, but the
deviation of all quantities from their base state is assumed to be small and at the
same frequency as the incident sound. As the theory is linear, it cannot predict the
response of plate when the flow becomes sonic.
3
1.2 Structure of the thesis
Chapter 2 presents the literature survey on structural-acoustic interaction of thin
plates with unsteady loads. Chapter 3 describes the extension of Doak’s theory [22]
to account for uniform mean flow in the duct. This theory, which serves as the foun-
dation for the theoretical model presented in Chapter 4, is compared with numerical
predictions. After a detailed presentation of the analytical model of the coupled re-
sponse of the duct mounted plate, Chapter 4 summarizes key theoretical results on
the effect of the flow speed and plate thickness on the structural-acoustic coupling.
Four metrics characterizing the coupled response are considered: the deviation of the
peak response frequency from the in vacuo natural frequency of plate, the amplitude
of the peak response, the effective acoustic damping of the plate, and the plate modal
coupling through the duct acoustic field. The first three metrics quantify the effect
of acoustic damping on an equivalent single degree of freedom system and the cou-
pling coefficient is used to quantify the coupling of plate modes through the acoustic
field in the duct. Convergence of plate modes and verification with the solution for
response of a simply-supported plate are also discussed there. The range of applica-
bility of the present theory, the effect of plate thickness and the impact of the grazing
flow Mach number on the structural-acoustic coupled response are quantified. The
method is also used to estimate the onset of instability in the structural response of
a duct-mounted clamped-plate with flow for estimating the range of applicability of
the theory.
Details of the numerical solvers used for the numerical simulation of structural-
acoustic interaction in the duct with flow and other numerical details are described
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in Chapter 5. Verification of the individual solvers for various problems of interest
and the coupled solver to a 1D analytical solution are also presented. The prediction
of thin plate respones in an SEF-like situation for different flow Mach numbers and
for two plate thicknesses are presented in Chapter 6. The spectral response of plate
is compared with that computed using the analytical theory. Chapter 7 summarizes
the key contributions of this work and proposes possible extensions of this study.
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(a)
(b)
Figure 1.1: Overall sound pressure level at select locations on upper (a) and lower
(b) surfaces of a generic transatmospheric aircraft taken from [8].
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Crack Hole
Missing door
Sonic fatigue
Figure 1.2: Structural damage caused by unsteady fluid load [51].
Figure 1.3: Sub-Element Facility at AFRL [35].
Figure 1.4: Sample test plate used in SEF [35].
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Chapter 2
Literature survey
Sonic fatigue has been a concern for many aircrafts since the introduction of the jet
engine. High-level acoustic loads can produce damage in thin, stiffened, aircraft skins
or panels. The acoustic input for aircraft structures is typically a band-limited random
excitation due to various flow features like jet engine exhaust, turbulent boundary
layer or separated flow. Fatigue occurs when lightly damped resonant vibration modes
of the skins/panels fall within the excitation bandwidth of the acoustic input. Sonic
fatigue problems range from cracking of secondary structures to flight safety critical
failures of primary structures. The upper-outer wing skin (UOWS) of the F-15 is
an example of sonic fatigue in primary structures. The F-15 UOWS was originally
designed for a 8,000 hour life. However, sonic fatigue cracks limited the initial service
life to only 250 hours [50]. Due to much higher acoustic loads, future hypersonic
vehicles will face an even more critical challenge from sonic fatigue [31].
Mixson et al. [54] indicated that the prevailing sonic fatigue design technology,
using empirical data, may not be adequate for the future vehicles. They also felt that
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the great variety of structural materials and configurations called for by future vehicles
suggests that an empirical approach may be too costly and time consuming to provide
acoustic fatigue data in a timely manner. Theoretical and numerical predictions can
give better estimates of the acoustic loads compared to the empirical data, especially
for new configurations and flow conditions. In the late 1990’s, the Structural Division
at AFRL began a project called Durability Patch to evaluate experimentally the
performance of damped, adhesively bonded patches to repair sonic fatigue damage in
aircraft skin panels. It was identified that an analysis and simulation tool was needed
that could accurately capture the nonlinear response with reasonable computational
cost [31].
Several experimental and theoretical studies have been conducted to characterize
the structural-acoustic response of plates and shell structures. A common method for
testing thin plates to acoustic loads consists of placing them at grazing incidence to
incident sound [6, 30, 34, 57]. Typically, these test facilities have a rectangular cross-
section with the flexible plate mounted flush on one wall. The progressive wave tube
facility at NASA Langley Research Center, known as the Thermal Acoustic Fatigue
Apparatus, has been used to support development of the thermal protection system
for the Space Shuttle and National Aerospace Plane [58]. The system is driven by
two Wyle WAS 3000 airstream modulators which provided an overall sound pressure
level range of between 125 and 165 dB and a useful frequency range of 50-200 Hz. A
360 kW quartz lamp provides radiant heat with a peak heat flux of 54 W/cm2. To
control the frequencies that are excited, the plate is sometimes backed by a cavity
with rigid walls [23, 34].
AFRL’s Sub Element Facility (SEF), shown schematically in Figures 2.1 and 2.2
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is another progressive wave acoustic test facility with a square foot test section and
capable of subjecting test articles to overall sound pressure levels (OASPL) up to
174 dB with closed loop spectrum shape control. Plane-wave acoustic loading is
produced in the SEF test section by compressed air feeding a modified Wyle WAS
3000 air modulator. During testing, one side of the test article is subjected to a
controlled, random, acoustic loading at grazing incidence, while the other side has a
cavity or is allowed to radiate to free space.
The acoustic pressure in the SEF is measured with Kulite flatpack pressure trans-
ducers. One pressure transducer is mounted on the center of the floor of the PWT
directly in front of the center of the test article. The signal from this pressure trans-
ducer is used as the reference signal in the closed-loop control system. The controller
modifies the amplitude and frequency content of the random signal sent to the air
modulator to achieve a flat 75-625 Hz acoustic spectrum shape at the desired levels.
Ideally, the acoustic loading is a plane wave in the SEF test section [31].
Displacement, velocity, and strain are measured at the center of the plate for each
test. Displacement and velocity are measured with a Polytec Model OVF-512 Fiber
Optic Vibrometer. The laser beam is aimed at a small retro-reflective target at the
center of the test article. Dynamic strains are measured with a pair of small resistive
strain gages bonded to the plate surface, in the center of the test article. Data records
of the pressures, displacement, velocity, and strains are digitally sampled and stored
for 100 seconds at each load level. The data is sampled at 50 kHz [31].
To support these and related experiments, various analytical models have been
proposed to describe the coupled structural-acoustic response of thin plates. A signif-
icant body of work involving flexible panel installed in rigid baﬄes, i.e., without any
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duct, has been conducted. For example, Feit [27] studied the pressure radiated by
a point force-excited elastic plate using a Hankel-transformed Timoshenko-Mindlin
plate equation and identified the importance of structural damping on the amplitude
of high frequency radiated sound. Strawderman and Christman [61] investigated
turbulence-induced plate vibrations for infinite and finite plates by transforming the
governing equations into the frequency domain and examining the effects the fluid
density had on coupling together the in vacuo plate modes. Radiated sound from
turbulence-excited thin panels in the light fluid limit has been studied by Davies [20]
using modal analysis who focused on the radiation damping contribution to the modal
coefficients. Asymptotic solutions of a fluid-loaded plate in the small and heavy fluid
loading limit have been found by Leppington [49] and Abrahams [2], respectively.
Leppington used the dimensionless parameter " = ρ0/(km) to identify the light fluid
limit, where m is the mass per unit area of the plate, ρ0 is the density of fluid and
k is the fluid wave number. The limit of " going to zero is considered as light fluid
loading limit. An asymptotic solution for the scattering of sound by infinitely baf-
fled plates in the presence of a uniform mean flow was done by Abrahams [3], who
also used his formulation to establish the divergence stability of the plate. Yen et
al. [72] studied the response of a clamped panel to a supersonic turbulent boundary
layer with a linear velocity profile and a random applied pressure load with specified
spatio-temporal spectrum taken from experimental data. The analysis of scattering of
sound from ribs of stiffened panels has also been considered by Howe [36]. An exper-
imental study of the response of panel vibrations to a turbulent boundary layer and
sound in a wind tunnel was done by Maestrello [52], who showed a strong nonlinear
effect on the structural response under certain loading conditions.
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One of the earliest analytical studies of structural-acoustic interaction of sound in
ducts with flexible panels to include acoustic damping was performed by Fahy and
Pretlove [26], who estimated the damping coefficient and acoustic stiffness for specific
geometric and flow conditions. Cummings [18] completed an analytic study of an infi-
nite duct with one of the four infinite walls being flexible. Comparison of the acoustic
transmission loss in the duct with experimental results showed good agreement in
the low-frequency range. An earlier attempt to find the analytical solution for the
structural-acoustic interaction in a duct with an elastic side wall was conducted by
Cabelli [14], who discussed the need for expressing the boundary condition in the
time domain from stability considerations. In a recent paper, Huang investigated the
structural-acoustic interaction in an infinite duct with two finite cavity-backed simply-
supported plates on the sides [37]. The plate velocity was estimated for acoustically
compact and non-compact plates using plates much more compliant than thin-walled
structures used in aerospace applications. Strong coupling between sound and flexu-
ral waves was also observed by Huang et al. [39], while investigating the propagation
of sound in a flexible duct. Wang et al. [70] studied the effect of using clamped plates
covering side-branch cavities to be used as wave reflectors in ducts. The effect of
flow in a drumlike silencer was investigated by Huang [38], while Choi and Kim [16]
studied the same effect for a two-dimensional membrane-duct system.
Despite the experimental observations showing the importance of acoustic damp-
ing, i.e, the radiation of energy from the plate into the acoustic field, in accurately
predicting the forced motion of plate in duct, there is limited theoretical and com-
putational work supporting these observations. Moreover, when a grazing flow is
present, as is always the case in aerospace applications, there is no supporting theory
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showing how to interpret and extrapolate sonic fatigue data taken in the absence of
any significant mean flow. The development of such a theory is the key objective of
the present study.
The problem of interest is similar to experimental configurations used in sonic
fatigue modeling and testing, and consists of a finite plate mounted on one wall of a
rectangular duct in which a grazing mean flow and imposed acoustic field excite the
plate. The objective of this study is to develop a verified model for estimating the
acoustic damping of such plates. We develop an analytical solution for the fully cou-
pled response of a thin plate mounted in an infinite rectangular duct in the presence
of a uniform flow and study the conditions under which a strong structural-acoustic
coupling is expected, as quantified by the frequency and amplitude shifts of the panel
vibration response, enhanced structural damping, and plate cross-modal coupling
through the duct acoustics. The plate is subjected to harmonic planar acoustic waves
at grazing incidence in the duct. The response of both clamped and simply-supported
plates is considered in this study. The deviation of all quantities from their base state
is assumed to be small and at the same frequency as the incident sound. Details of
the formulation and solution method are given in Chapter 4.
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Figure 2.1: Schematic diagram of SEF [31].
(12m × 2.5m × 2.5m)
Expansion horn
Test section (1’ × 1’)
Sound source
Figure 2.2: Contour plot of pressure showing the propagation of sound waves in SEF.
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Chapter 3
Doak’s theory and its extension
3.1 Introduction
At the heart of the theoretical formulation developed in this work is the theory that
couples the plate vibration to the sound field it radiates. Doak’s theory [22] is used to
compute the pressure field due to a harmonic point source in an infinite rectangular
duct in a quiescent medium. We instead use the theory in this work to compute
the pressure field due to a vibrating plate whose motion is modeled as a distribution
of point sources with strength proportional to the velocity of the plate. We have
extended the theory to account for uniform mean flow in the duct and verified it with
numerical predictions of the pressure fluctuations on the surface of a clamped plate
subjected to a prescribed harmonic velocity.
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3.2 Pressure field due to a vibrating plate
The pressure field in an infinite rectangular duct due to a point source can be ex-
pressed as a series expansion of duct modes [22, 37]. Figure 3.1 shows a schematic of
the present configuration. The linearized Euler equations governs the duct pressure
field due to a point mass source with harmonic time dependence in a region having
uniform mean flow U = Uiˆ = M∞c0iˆ, where M∞ is the Mach number and c0 is the
speed of sound. These equations may be combined into a single equation for acoustic
pressure given by
∇2p− 1
c20
(
∂
∂t
+ U
∂
∂x
)2
p = −ρ0
(
∂
∂t
+ U
∂
∂x
)
Q0e
iωtδ(x− x′), (3.1)
where Q0 is the strength of the point source located at x′ and having harmonic time
dependence with frequency ω, p is the pressure and ρ0 is the ambient density. The
Green’s function solution for a point source in a hard-walled duct with uniform mean
flow satisfying the homogeneous part of Equation 3.1 was derived by Tester [64].
Doak’s theory [22] provides the particular solution for the pressure in the absence
of flow in the duct. The solution was constructed as a linear superposition of each
of the characteristic duct modes, satisfying the radiation boundary condition and
the reciprocity principle which is the invariance under interchange of source and
observation points and the homogeneous part of the governing equation except at the
location of the point source. The final expression for the acoustic pressure can be
written as
p =
∞∑
m=0
∞∑
n=0
ρ0Amncmnψmn(y, z)ψmn(y
′, z′)
[
H(x− x′)ei(ωt−
ω(x−x′)
c+mn
)
− H ((x′ − x)) ei(ωt−
ω(x−x′)
c−mn
)
]
, (3.2)
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where ψmn is the (m,n) duct mode and cmn is the corresponding wave speed, and
H(x) the Heaviside function. The + and − correspond to the waves propagating
in the downstream and upstream directions. The coefficients Amn are evaluated by
integrating the governing equation across the point source. In the presence of uniform
mean flow, in order to satisfy the reciprocity principle, Amn and cmn are different for
the + and − waves. To account for the presence of a (possibly supersonic) Mach
number, we generalize Equation (3.2) to
p =
∞∑
m=0
∞∑
n=0
ρ0ψmn(y, z)ψmn(y
′, z′)
[
A+mnc
+
mnH(x− x′)e
i(ωt−ω(x−x′)
c+mn
)
− A−mnc−mnH ((x′ − x)(1−M∞)) e
i(ωt−ω(x−x′)
c−mn
)
]
, (3.3)
where the primed quantities represents the location of the point source. The stream-
wise wave number k±mn is given by
k±mn =
(±αmn −M∞
1−M2∞
)
k, αmn =
√
1−
(
κmn
k
)2
(1−M2∞),
κ2mn =
(
mpi
w
)2
+
(
npi
h
)2
, k =
ω
c0
. (3.4)
The ψmn are the hard-walled duct modes with modal indices m and n in the y and z
directions, respectively. The duct modes are given by
ψmn(y, z) =
√
(2− δ0m)(2− δ0n) cos
(mpiy
w
)
cos
(npiz
h
)
,
where w and h are the width and height of the duct, respectively and δij represent the
Kronecker delta function. For subsonic flow, the characteristic waves propagate in
both upstream and downstream directions whereas in supersonic flow case, both waves
move in the downstream direction only. By including the (1−M∞) in the Heaviside
function for the− wave, for supersonic mean flow, both waves move in the downstream
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direction. As apparent from the Equation (3.3), there is a singularity atM∞ = 1. The
Green’s function solution to Equation (3.3), satisfies the following properties: (i) the
pressure field is continuous; (ii) the reciprocity principle; (iii) the radiation boundary
condition is satisfied as |x| → ∞; and (iv) it reduces to the no-flow solution in the
limitM∞ → 0. The continuity of pressure gives A−mnc−mn = sgn(M∞−1)A+mnc+mn. The
reciprocity principle for a circular duct with uniform mean flow has been shown by
Alonso et al. [4]. Their procedure can be extended to show the reciprocity principle in
a rectangular duct with uniform mean flow. To find the Amn, the governing Equation
(3.3) is integrated in a small x−region around the point source along the axis of the
duct to yield the coefficients
(1−M2∞)
((
∂p
∂x
)+
−
(
∂p
∂x
)−)
= −ρ0iω
(
Q0 +
U
iω
∂Q0
∂x
)
eiωtδ(y − y′)δ(z − z′)(3.5)
Integrating in y and z directions and using the properties of the Dirac delta function
and the orthogonality of duct modes, we find that
A+mnc
+
mn =
(
Q0 +
U
iω
∂Q0
∂x
)
c0
2Aαmn
,
where A is the cross-sectional area of the duct and Q0 is the source strength which
can have a spatial variation.
Using the solution (3.3) and considering the plate vibration as a distribution of
simple mass sources on the plate surface, the pressure field in the duct is calculated
by integrating the contribution from a distribution of point sources over the surface
of the plate. If the velocity of the plate is given by
V (x, y, t) =
∑
j
∑
q
Vjqϕj(x)ϕq(y)e
iωt,
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where ϕj(x)ϕq(y) denotes the (j, q) plate mode, then the pressure field generated by
a plate with an imposed harmonic velocity is given by
P =
ρ0
2A
∞∑
m=0
∞∑
n=0
cmn(2− δ0m)(2− δ0n) cos
(mpiy
w
)
cos
(npiz
h
) ∞∑
j′=1
∞∑
q′=1
Vj′q′
[∫ w
0
cos
(
mpiy′
w
)
ϕq′ dy
′
] [∫ L
0
(
ϕj′ − iU
ω
∂ϕj′
∂x′
)
Gmn(x, x
′) dx′
]
, (3.6)
where
Gmn(x, x
′) = H(x− x′)e−ik+mn(x−x′) +H ((1−M∞)(x′ − x)) e−ik−mn(x−x′).
The Equation (3.6) is the primary result of this chapter. These integrals can be
evaluated analytically and is described in Appendix A. The theory is compared with
numerical simulations for specific clamped plate modes and frequencies, which is
described in the following section.
3.3 Comparison with numerical simulations
Doak’s theory and its extension for uniform mean susbsonic and supersonic flow in
the duct is verified by comparing the amplitude of pressure variation on the surface of
the plate computed from numerical simulations to that predicted by the theory. For
the numerical simulation, a finite-length duct having square-foot size cross section
with non-reflecting boundary conditions at the inlet and exit is considered. Euler
equation is solved in the domain using in-house developed CFD solver, where details
are described in Chapter 5. The vibrating plate is modeled by prescribing the velocity
on the plate surface.
V (x, y, t) = Vjqϕj(x)ϕq(y) sin(ωt),
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where ϕj is the j-th bending mode of a clamped-clamped beam. For the simulations,
the (1,1) and (2,1) clamped plate bending modes at 100 Hz and 250 Hz are considered.
For the (3,3) and (4,1) modes, a frequency of 400 Hz is used. The amplitude of velocity
is fixed at 0.001 m/s. The amplitude of the pressure perturbation on the plate surface
is measured. The comparison between theoretical predictions and numerical results
is performed on the amplitude of the pressure perturbation on the plate surface. The
(1,1) and (2,1) plate modes are presented in Figures 3.1 and 3.2, respectively, showing
an excellent match between the two solutions except close to Mach one. It is also
interesting to observe the difference between the 100 Hz and 250 Hz results. From
Figure 3.6, it can be observed that the (1,0) and (0,1) acoustic duct mode is cut-off at
Mach number 0.9 for 100 Hz, whereas it is cut-on for 250 Hz. This explains the large
difference in the magnitude of pressure amplitudes for 100 Hz and 250 Hz at Mach
number of 0.9. It is interesting to observe that the linear theory gives good predictions
for (1,1) and (2,1) modes even at Mach numbers close to sonic conditions, where
there is singularity in the solution. The comparison between theory and simulations
for (3,3) and (4,1) plate modes are shown in Figures 3.4 and 3.5, respectively. The
theory compares well with simulations at Mach numbers farther away from sonic
conditions. The peaks observed for (3,3) and (4,1) modes at a frequency of 400 Hz
can be explained by considering the duct modes getting cut-on. From the governing
equation (3.4), the cut-on frequency, fco, for mode (m,n) for a square duct of width
L can be written as
fco =
c0
2L
√
(m2 + n2)(1−M2co),
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where Mco is the corresponding Mach number at which the mode is cut-on. Figure
3.6 shows a plot of Mach number at which the duct modes are cut-on as a function
of frequency. From the plot, it is clear that, (1,0) and (0,1) duct mode is cut-on at
a Mach number of 0.7 for 400Hz. This explains the peaks observed at that Mach
number for (3,3) and (4,1) modes when excited at 400 Hz. Similarly, peaks due to
other higher duct modes getting cut-on are observed at Mach numbers 0.86, 0.93
and 0.95. The current linearization breaks down near the cut-on frequencies and
a modified linearization is required near cut-on frequencies, which is left for future
work. From figures 3.2 to 3.5, it is clear that the extended form of Doak’s theory give
good results at Mach numbers lower than Mco and at supersonic conditions.
V
Figure 3.1: Infinite rectangular duct with a wall-mounted elastic plate with grazing
uniform flow U in the duct and V is the normal velocity of the plate.
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Figure 3.2: Variation of pressure amplitude with Mach number at (L/2, w/2) of
plate for (1,1) mode forcing. Legend: , Analytical (100 Hz); ,
Analytical (250 Hz); •, Numerical (100 Hz); !, Numerical (250 Hz).
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Figure 3.3: Variation of pressure amplitude with Mach number at (L/4, w/2) of
plate for (2,1) mode forcing. Legend: , Analytical (100 Hz); ,
Analytical (250 Hz); •, Numerical (100 Hz); !, Numerical (250 Hz).
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Figure 3.4: Variation of pressure amplitude with Mach number at (L/2, w/2) of plate
for (3,3) mode forcing. Legend: , Analytical (400 Hz); •, Numerical (400
Hz).
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Figure 3.5: Variation of pressure amplitude with Mach number at (0.39L,w/2) of
plate for (4,1) mode forcing. Legend: , Analytical (400 Hz); •, Numerical
(400 Hz).
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Figure 3.6: Variation of Mach number with frequency at which modes are cut-on for
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( ) and (2, 2) ( ) modes.
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Chapter 4
Analytical solution
4.1 Problem formulation
The problem of interest, described in Figure 4.1, involves a rectangular plate of length
L, width w and thickness s that span one side of an infinite duct of rectangular cross-
section w × h. A harmonic acoustic plane wave of the form
Pi = P˜iρ0c
2
0e
i(ωt−k+x) (4.1)
propagates into the duct, where P˜iρ0c20 is the amplitude of pressure wave, ρ0 is the
density of air in the duct, c0 is the speed of sound in the duct, ω is the frequency of
harmonic excitation and k+ = ω/ [c0(1 +M∞)] is the acoustic wavenumber, withM∞
the Mach number of the uniform axial flow in the duct. Non-dimensional quantities
are represented with a tilde. In the linear regime, the transverse vibration of the plate
in the (x, y)-plane is described by
ms
∂2η
∂t2
+B
[
∂4η
∂x4
+ 2
∂4η
∂x2∂y2
+
∂4η
∂y4
]
+ P = 0, (4.2)
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where ms is the mass per unit area of the flexible plate, B = Es3/ [12(1− ν2)] is the
flexural rigidity, E and ν are the Young’s modulus and Poisson’s ratio, respectively,
η is the displacement of the plate in the z direction, and P denotes the force per
unit area acting in the −z direction. This formulation assumes that the transverse
stresses are supported by bending stresses and that the in-plane displacements of the
plate are negligible [71]. The boundary conditions for a simply-supported rectangular
plate are
η =
∂2η
∂n2
= 0, (4.3)
while those for a clamped plate are
η =
∂η
∂n
= 0, (4.4)
along the edges of the plate, where n represents the unit vector normal to the plate
edge. The acoustics in the duct is governed by the linear wave equation [55][(
∂
∂t
+U·∇
)2
− c20∇2
]
p = 0, (4.5)
for the pressure perturbation p about a uniform mean pressure p¯, ∇2 is the Laplacian
operator andU =M∞c0ˆi, represents the uniform mean flow in the duct. The pressure
satisfies the boundary condition at the undeformed fluid-structure interface, i.e.,
∂p
∂n
= −ρ0
(
∂
∂t
+U·∇
)
∂η
∂t
. (4.6)
For a rigid wall, the no-penetration condition reduces to ∂p/∂n = 0. The radiation
of sound from the vibrating plate into the duct satisfies the linearized non-reflecting
boundary condition in the far-field as |x|→∞.
Here, we have neglected the effect of fluid viscosity. For problems involving mov-
ing boundaries like the one considered in this study, the effect of fluid viscosity can
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be neglected when the boundary layer thickness is much lower than the acoustic
wavelengths. The highest frequency considered in this study is 500 Hz, which corre-
sponds to a wavelength of 0.68 m. The displacement thickness calculated using the
incompressible laminar boundary layer equations for a flat plate of length 3 m with a
freestream velocity of 102 m/s is 0.6 mm. The low value of the ratio of boundary layer
thickness to acoustic wavelength suggest that it is reasonable to neglect the effect of
fluid viscosity.
4.2 Solution methodology and its verification
4.2.1 Solution methodology
Similar to the approach adopted by Huang [37], the pressure P on the plate in Equa-
tion 4.2 is split into the forcing pressure (Pi), and the pressure radiated above the
plate (P+) due to the plate vibration, i.e., the scattered pressure. The pressure acting
on the plate is thus P = Pi + P+. Assuming that the plate vibrates with the same
frequency as the incoming acoustic wave, we seek periodic solutions to the transverse
plate velocity V = η˙ = iωη. Since the velocity of the plate and the pressure field in
the duct have the same harmonic time dependence as Pi, the term eiωt is not explicitly
written henceforth. The plate velocity is expanded in terms of modes satisfying the
spatial boundary conditions of the rectangular plate as [38]
V (x, y) =
∞∑
j=1
∞∑
q=1
Vjqϕj(x)ϕq(y). (4.7)
The expressions of the basis functions for a simply-supported plate are
ϕj(x) = sin
(
jpix
L
)
, ϕq(y) = sin
(
qpiy
w
)
. (4.8)
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For a clamped plate, the velocity modes satisfying the boundary conditions described
by Equation (4.4) are obtained as a product of beam modes satisfying the clamped-
clamped boundary condition, i.e., for the axial modes,
ϕj(x) = cosh(λjx)− cos(λjx)− C(λjL)
(
sinh(λjx)− sin(λjx)
)
, (4.9)
where L is the length of the plate in the axial direction, and [48]
C(λjL) =
cosh(λjL)− cos(λjL)
sinh(λjL)− sin(λjL) ,
with λjL given by [67]
λjL = (2j+1)
pi
2
+(−1)j+1b0−b20+
(
(−1)3j
3
+ 2(−1)j+1
)
b30+· · · , b0 =
1
cosh
(
(2j+1)pi
2
) .
Similarly, the beam modes in the transverse direction, ϕq(y), can be written in terms
of w, the width of the plate. The functions ϕj(x)ϕq(y) satisfy all four boundary
conditions for a clamped plate and form a complete set of normal eigenvectors [29].
The duct pressure modes satisfying Equation (4.5) for a wave moving in the x-
direction in a hard-walled infinite duct with a uniform mean flow are given in Equation
(3.4). For a plane wave, the modal indices, m = n = 0. Hence α00 = 1 and the wave
number
k+x,00 =
ω
c0(1 +M∞)
. (4.10)
Therefore, in the presence of a uniform mean flow in the duct, Pi = P˜iρ0c20e
i(ωt−k+x,00x)
as in Equation 4.1.
In Chapter 3, we described the method to compute the pressure field due to a
vibrating plate. To verify our solution method, we analyze in the next section the
structural-acoustic problem investigated by Huang [37], that consists of an infinite
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square cross-section duct with two cavity-backed flexible plates subjected to a har-
monic acoustic load in the absence of grazing flow. For that problem, a second
radiated pressure component P− needs to be added to account for the presence of
a cavity. The pressure field in the cavity is computed by summing up the acoustic
modes that satisfy the boundary conditions on all six walls of the cavity. This is
in contrast to the approach adopted by Huang [37] based on a superposition of the
radiated pressure from the plate computed using duct modes and reflected pressure
from the vertical walls of the cavity that satisfy the boundary conditions. The (s, t)
pressure mode for a cavity of size L×w and depth hc with a vibrating top surface at
z = 0 is given by
φst(x, y, z) = cos
(spix
L
)
cos
(
tpiy
w
)
cosh (Pst(hc + z)) , (4.11)
where
P 2st = −
ω2
c20
+
s2pi2
L2
+
t2pi2
w2
,
with s and t denoting the modal indices in the x and y directions, respectively. These
cavity modes are used to evaluate the integral of P− over the plate surface facing the
cavity as shown in Appendix A.2.
By multiplying Equation (4.2) with ϕj(x)ϕq(y) and integrating over the flexible
plate,
1
wL
∫ L
0
∫ w
0
[
ms
∂2η
∂t2
+B
[
∂4η
∂x4
+2
∂4η
∂x2∂y2
+
∂4η
∂y4
]
+P
]
ϕj(x)ϕq(y) dx dy = 0, (4.12)
a linear system of equations for the modal velocity, Vjq, is obtained as
Lj′q′jqVj′q′ = Rjq. (4.13)
30
The expressions for Lj′q′jq and Rjq for clamped and simply-supported plates are de-
scribed in Appendices A.3 and A.4, respectively. Also, a more detailed description of
the evaluation of the integrals is given in Appendix A.5. By truncating the infinite
series of duct, plate and cavity (if present) modes to a finite number of terms, a finite
system of linear equations in Vjq is obtained.
To conclude this presentation of the solution method, it is worth mentioning that
the formulation allows for the inclusion of the effect of structural damping, which is
modeled by adding an imaginary component to the mass per unit area of the plate
and/or the bending stiffness of the plate [27, 37]. We do not consider any explicit
structural damping in the remainder of the thesis.
4.2.2 Verification
For verification, we compare our results with those for a double cavity-backed simply-
supported compliant plate in an infinite duct in the absence of a uniform mean flow
studied by Huang [37]. The conditions used there are
P˜i = 1, m˜s =
ms
ρ0L
= 1, B˜ =
B
ρ0c20L
3
= 0.001, L = w = h = hc, (4.14)
where h is the height of duct and hc is the height of the cavity. The measure used to
quantify the plate response is the normalized root-mean-square of the area averaged
plate velocity,
V˜rms =
Vrms
c0P˜i
=
1
c0P˜i
√
4
wL
∫ L
0
∫ w
0
V (x, y)V (x, y) dx dy, (4.15)
where the overbar represents complex conjugate, as a function of the non-dimensional
frequency
ω˜ =
ωL
2pic0
. (4.16)
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The plate response is presented in Figure 4.2. As apparent there, our results for a
simply-supported plate in the absence of flow compares well with Huang’s results. The
vertical lines in the figure represents the in vacuo natural frequencies for a simply-
supported plate given by
ωsjq =
√√√√ Es3pi4
ms12(1− ν2)
[( j
L
)2
+
( q
w
)2]2
. (4.17)
For this compliant plate, the peaks of the response occur at frequencies that vary
significantly from the in vacuo natural frequencies of the plate. The large shift of
the first peak from the fundamental frequency of the plate shows that the enclosed
fluid in the cavity is acting like an elastic spring, which is similar to results reported
by Fahy [17] for a coupled lightweight structure. The shift of the peak excited by
the (2,1) plate mode to lower frequencies compared to the in vacuo frequency shows
also the added mass effect at the given conditions. Also, the finite amplitudes of the
peaks show that the radiation of acoustic energy into the duct effectively makes the
structural response bounded, i.e., there is acoustic damping.
4.3 Geometrical and material parameters
We now return to our problem of interest. Our motivation stems from testing and
modeling of acoustically-loaded Aluminum plates in the ‘Sub-element facility’ (SEF)
located at Wright-Patterson AFB in Dayton, Ohio [6, 30, 34]. As shown in Figure
2.1, the 1’ X 1’ test section of the SEF is located between two exponential horns that
guide acoustic waves generated from one side of the test section towards an anechoic
termination chamber on the other as shown in Figure 2.2. Test plates of size 7′′ × 9′′
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are mounted on an externally-supported frame that is wheeled into the test section
such that the plates are flush mounted with the interior walls. Flow induced by the
acoustic drivers is at a low velocity. The duct cut-on frequency for the (1,0) mode is
approximately 557 Hz and the plate boundary conditions are most closely modeled
as fully clamped for low amplitude forcing.
To help understand how SEF-acquired plate response data, and the correspond-
ing modal analysis and reduced-order models, depend on the plate-acoustic coupling
and how to extrapolate them to cases with flow, we adopt a set of parameters that
approximates the SEF facility. That is, we assume a 1′ × 1′ Aluminum plate is sub-
jected to plane waves in a duct without the presence of a cavity and external radiation
is neglected. The following set of geometric and material parameters are chosen to
mimic those in the SEF:
ρ0 = 1.2 kg/m3 L = w = h = 0.3048m c0 = 340m/s
ρs = 2700 kg/m3 E = 70GPa ν = 0.35. (4.18)
In the sections that follow, we frequently refer to these baseline conditions when
acquiring numerical results. Although clamped plates are our focus, we also provide
results for simply-supported plates for direct comparison. In the results presented
hereafter, special care is taken to ensure the modal convergence of our algorithm.
The finite truncation of the series which yields Equation (4.13) impacts the accuracy
of our solution as follows. For the problem discussed in Equation (4.18), a modal
convergence study shows that 8 × 8 plate modes yields estimates that are converged
within 0.1% as shown in Figure 4.3, and similar to those found by Geveci et al. [29]
who considered harmonically excited rectangular plates. Modal convergence in the
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acoustic duct modes [38] has also been demonstrated and shown in Figure 4.3. Typ-
ically we need 40 × 40 duct acoustic modes and 10 × 10 cavity modes to ensure
convergence within 0.1%.
4.4 Range of validity
Before presenting the coupled structural/acoustic results, we estimate in this section
the geometric and loading conditions under which the assumptions we have made
are valid. Two conditions limit the range of applicability of the theory: the flow
conditions under which the plate response becomes self-excited, and the conditions
under which the in-plane stresses in the plate become significant.
4.4.1 Instability analysis
To estimate the flow conditions at the onset of instability in the clamped plate re-
sponse, we follow the Galerkin approach outlined by Dowell [23]. Considering the
Euler-Lagrange plate equation for a rectangular, isotropic plate given in Equation
(4.2), the plate displacement is expanded using clamped modes (Eq.(4.9)) that sat-
isfy the boundary conditions(Eq.(4.4)). The total displacement of the plate is given
by
η =
∑
j
∑
q
η¯jqe
iωtϕj(x)ϕq(y), (4.19)
where ω = ωr + iωi. Note that, in the previous section, the imaginary part of ω
is neglected to find the harmonic solution for the coupled response and, hence, the
presence of instability in the solution is not considered. Using the Galerkin method
34
and taking a projection of the governing equation onto the plate modes,
1
wL
∫ L
0
∫ w
0
[
ms
∂2η
∂t2
+B
[
∂4η
∂x4
+2
∂4η
∂x2∂y2
+
∂4η
∂y4
]
+P
]
ϕj(x)ϕq(y) dx dy = 0, (4.20)
and making use of the eigenvalue property of the characteristic equation for the in
vacuo modes, Eq. (4.20) reduces to
ms(ω
2
jq,n−ω2)ηjq+
∫ 1
0
∫ 1
0
P+ϕj(x˜)ϕq(y˜)dx˜dy˜ = −
∫ 1
0
∫ 1
0
Piϕj(x˜)ϕq(y˜)dx˜dy˜, (4.21)
where ωjq,n is the in-vacuo natural frequency of the (j, q) mode of the plate. We use
the acoustic duct modes (Eq. (3.4)) to compute the pressure radiated by the duct
mounted vibrating plates,
∫ 1
0
∫ 1
0
P+ϕj(x˜)ϕq(y˜)dx˜dy˜ =
∑
j′
∑
q′
[
ρ0c0Liω
2h
∑
m
∑
n
(2− δ0m)(2− δ0n)
αmn∫ 1
0
cos(mpiy˜)ϕq(y˜)dy˜
∫ 1
0
cos(mpiy˜)ϕq′(y˜)dy˜∫ 1
0
ϕj(x˜)
∫ 1
0
(
ϕj′(x˜
′)− iU
ωL
∂ϕj′(x˜′)
∂x˜′
)
Gmn(x, x
′)dx˜′dx˜
]
ηj′q′
= Tj′q′jqηj′q′ . (4.22)
A more detailed description of the derivation of the integral is given in Chapter 3.
Using the integral in Equation (4.21), we arrive at
T ′j′q′jqηj′q′ = −
∫ 1
0
∫ 1
0
Piϕj(x˜)ϕq(y˜)dx˜dy˜, (4.23)
where T ′j′q′jq = Tj′q′jq+Ims(ω
2
jq,n−ω2), ωjq,n is the in vacuo natural frequency of (j, q)
plate mode and I is the identity matrix. For a given thickness, the Mach number at
which the onset of instability is found by looking for solutions for |det (T ′j′q′jq) | = 0
in the ωr-M∞ plane, assuming ωi = 0. Using the conditions given in Equation (4.18),
the variation of the onset Mach number with thickness is presented in Figure 4.4,
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which shows how the Mach number at the onset of instability increases with the
plate thickness. The curve shown in the figure serves as a boundary below which the
harmonic analytical solution described in the previous section is expected to be valid.
Above a plate thickness of 0.25 mm, the plate is stable for all subsonic Mach numbers
for the remaining parameters chosen. The stability analysis at supersonic conditions
is left for future work.
4.4.2 Non-dimensional stiffening parameter
As pointed out by Frendi et al. [28] in their nonlinear structural-acoustic simula-
tions, higher acoustic excitation levels may lead to an increasing contribution of the
in-plane stresses. Since our linear theory of plate vibration neglects the effects of
in-plane stresses, the range of applicability of our analysis is also limited to the con-
ditions under which the nonlinear terms in the plate equation are insignificant. We
use the non-dimensional parameter defined by Walker et al. [67] to quantify the con-
tribution of non-linear kinematic effects on the bending response of the plate. For a
clamped-clamped beam, the non-dimensional stiffening parameter "˜ enters the gov-
erning equation as
∂4η˜
∂x˜4
+
∂2η˜
∂ t˜2
+
p˜− p˜0
η˜m
= "˜
[∫ 1
0
(
∂η˜
∂x˜
)2
dx˜
]
∂2η˜
∂x˜2
, (4.24)
where η˜m is a value representative of the maximum normalized displacement of the
plate and (p˜− p˜0) is the external pressure forcing on the beam. The conditions under
which "˜ is small can be written as
"˜ =
123(1− ν2)3
2
E˜−2s˜−8 & 1, where E˜ = E
(p˜− p˜0)ρ0c20
' 1, s˜ = s
L
& 1, ρ0
ρs
& 1.
(4.25)
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The first inequality can be represented graphically by plotting, for various values of
"˜, the minimum value of the plate thickness corresponding to a given sound pressure
level for a reference pressure of 20µPa(Figure 4.5). Using this figure, we can choose
loading conditions and plate thickness such that the linear assumptions are satisfied.
4.5 Coupled structural-acoustic response
We now focus on the structural-acoustic response of thin acoustically loaded plates
at conditions representative of aerospace structures for the conditions given in Eq.
(4.18). In particular, we are interested in the frequency response of the duct mounted
plate excited by a flat spectrum of amplitude 100 dB over a frequency range of 0-270
Hz that encompasses the first three in vacuo modes for a clamped plate of thickness
0.7 mm. Both simply-supported plates, with natural frequencies given by Eq. (4.17),
and clamped plates, with in vacuo natural frequencies [59]
ωcjq =
√√√√ Es3
ms12(1− ν2)
[
λ4j + λ
4
q + 2
∫ L
0 ϕj
∂2ϕj
∂x2 dx
∫ w
0 ϕq
∂2ϕq
∂y2 dy∫ L
0 ϕ
2
j dx
∫ w
0 ϕ
2
q dy
]
, (4.26)
are considered. The input spectrum and the in vacuo natural frequencies are shown
in Figure 4.6. The response spectra for simply-supported and clamped plates are also
shown in the figure for the case with no flow (M∞ = 0). Recall that for this frequency
range, only the planar duct mode, ψ00, propagates.
Compared to the response of the compliant plate used for the verification problem
(Figure 4.2), the peak response frequencies are much closer to the in vacuo natural
frequencies of the plate. Thus, for a relatively stiff thick plate in the light fluid load-
ing limit, the inertia and elasticity of the fluid have marginal effect on the frequency
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response of the plate, as expected. However, the amplitude of the frequency response
is strongly affected by the structural-acoustic coupling: in the absence of any struc-
tural damping, the boundedness of the peaks denote the acoustic damping of the
plate. Note also that the presence of a cavity below the plate might have significantly
contributed to the reactive component of the coupled response, which, in turn affects
the shift in peak frequency, as pointed out by Dowell et al. [23, 24].
Scattered pressure field response
The scattered pressure distribution in the duct, P+, is shown in Figure 4.7 for the
response of a clamped plate near the (2,1) in vacuo peak frequency under no flow
conditions. Observe the presence of a strong pressure field, caused by the plate
motion, in the immediate vicinity of the plate and its rapid decrease in amplitude
with distance away from the plate. Most of the pressure field acts as an added mass
for the plate but at an amount that does not significantly alter the peak response
frequency, as indicated in Figure 4.6. The acoustic (propagating) part is present but
cannot be seen for the contour levels chosen. To illustrate the effect of flow, the
corresponding pressure distribution for the case with a Mach 0.6 uniform flow is also
shown in Figure 4.7, emphasizing a change in the spatial structure of P+. Also shown
in the figure are the displaced shapes of the plate at the two different Mach numbers.
It can be seen that the plate displacement is reduced considerably by the presence of
a grazing flow at this frequency. The radiated acoustic field, which is not visible for
the contour levels chosen but accounts for the only energy ‘damping’ mechanism, is
also a strong function of grazing flow velocity and frequency, as will be discussed in
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the next section.
Flow effect on frequency response
The effect of the uniform flow in the duct on the frequency response of the plate near
the (1,1) and (2,1) in vacuo frequencies for the clamped plate is shown in Figure 4.8 for
M∞ = 0.0, 0.3 and 0.6. Note that only frequencies near the peak response are shown.
The corresponding responses are shown in Figures 4.8(a) and 4.8(b), respectively. The
material and geometrical properties are the same as those given in Equation (4.18)
for a plate thickness of 0.7 mm. As apparent from these figures, the frequencies
corresponding to the peak responses are relatively unaffected by the presence of the
flow at low Mach numbers, and change by only a few percent for the Mach number
range used. For thicker plates at low Mach numbers, the inertia and bending stiffness
dominate the acoustic radiation so there is little frequency shift for heavy plates in
the light fluid limit, as is well known. The acoustic radiation into the duct is however
strongly affected through the dependence of the acoustic duct modes on Mach number
as given in Eq. (3.4). More importantly, the flow has the effect of modifying the
pressure field source strength through the term proportional to U∂ϕ/∂x in Eq. (3.6),
such that vibration amplitudes at resonance are significantly modified by the presence
of flow in the duct.
To understand these results for the geometric conditions given in Eq. (4.18), it
is instructive to vary also the plate thickness from 1.0 mm to 0.1 mm. In doing so,
the balance between the bending stiffness and inertia of the plate, as compared to
the acoustic radiation, changes and general trends can be identified, as will be shown
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later. The change in the peak response frequencies is shown in Figure 4.9 where
the curves are labeled according to which structural mode dominates the response.
Under certain conditions, a single dominant mode is not found. When this occurs the
corresponding point in Figure 4.9 and subsequent figures is omitted. It is evident,
that for the range of thicknesses chosen, the in vacuo resonance frequency is a good
predictor of the coupled system resonance frequencies, which scales linearly with the
plate thickness s from Equation (4.26). For heavy plates within a light fluid, the
same scaling is approximately true and the amount of deviation, though small, is
important to determine the amplitude of the plate response. This fact is apparent in
the change in V˜rms shown in Figure 4.10(a)–(b): when M∞ > 0, thickening the plate
can cause an increase in the integrated response amplitude. We note that increasing
the thickness of the plate does not uniformly reduce the plate response amplitude, as
might be expected from a simple in vacuo argument with structural damping.
Structural-structural coupling coefficients
Explaining these observations requires a detailed consideration of the terms which
contribute to the amplitude of a modal amplitude Vjq. For brevity we consider only
the (1,1) and (2,1) modes as the analysis procedure is identical for the other modes
and does not highlight additional features of interest. We first examine the degree to
which the modes are coupled: for example, how dependent is the (1,1) mode response
on the (2,1) mode dynamics?
Recall that, even though the in vacuo beam modes ϕj(x˜) and ϕq(y˜) are orthogonal,
when applied to a plate they can become coupled through the biharmonic operator,
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∇4. For the frequency range of interest, the (1,1) structural mode plays an important
role; so, in what follows, we focus on that mode although the theory is more generally
applicable. To show the coupling explicitly, let the spatial modes have coefficients
that are functions of time, i.e.,
V (x, y, t) =
∞∑
j=1
∞∑
q=1
Vjq(t)ϕj(x)ϕq(y). (4.27)
Then Equation (4.2) for the plate response after taking projection with the plate
modes can be written as
ms
∂Vjq
∂t
+
∫ 1
0
∫ 1
0
P+ηϕj(x˜)ϕq(y˜)dx˜dy˜ +
∫ 1
0
∫ 1
0
B∇4ηϕj(x˜)ϕq(y˜)dx˜dy˜ =
−
∫ 1
0
∫ 1
0
Piϕj(x˜)ϕq(y˜)dx˜dy˜. (4.28)
We can further write the evolution of the amplitude of the modes as
∂Vjq
∂t
+
∑
j′q′
({aj′q′jq}acoustics + {aj′q′jq}structure)Vj′q′ = −m−1s
∫ 1
0
∫ 1
0
Piϕj(x˜)ϕq(y˜)dx˜dy˜
(4.29)
The term {aj′q′jq}structure represents the inter-modal coupling coefficient from mode
(j′, q′) onto mode (j, q) and is what we wish to quantify. Figure 4.11 shows the relative
numerical coupling coefficients for the first eight (j, 1) modes against the (1, 1). By
the properties of the modes ϕj the even-odd mode couplings are identically zero,
as seen in the figure. The odd-odd couplings are non-zero, however, although the
amount of coupling is weak, being nearly two orders of magnitude below the (1,1) self
coupling. These results suggest that structural coupling can be ignored for estimation
purposes.
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Structural-acoustic coupling coefficients
Even though the in vacuo beam modes ϕj(x˜) and ϕq(y˜) are effectively decoupled
through the structural field, the acoustic field couples them together by an amount
that depends on frequency and Mach number. Comparing Equations (4.28) and
(4.29), we find that the modal amplitude of the (j, q) mode depends on the (j′, q′)
mode through the acoustic field by the coupling coefficient
{aj′q′jq}acoustics = ρ0c0L
2hms
(4.30)
∑
mn
1
αmn(M∞)
∫ 1
0
cos(mpiy˜)ϕq(y˜)dy˜
∫ 1
0
cos(mpiy˜)ϕq′(y˜)dy˜ Ijj′mn(ω,M∞, L, c0),
where a detailed definition of Ijj′mn is given in Appendix A.3 ans A.4 for clamped and
simply-supported plates, respectively. To quantify the effect of the acoustic coupling
as a function of Mach number and frequency, the contours of
log10 (|{aj′q′jq}acoustics/{ajqjq}structure|) for the conditions in Equation (4.18) for a clamped
plate is plotted in Figure 4.12. The results show that structural-acoustic coupling be-
comes more significant at higher Mach numbers and nearly monotonically increasing
with frequency. Notice also that the coupling is not symmetric, meaning that the
influence on the (1,1) mode by the (2,1) mode through the acoustic field is not equal
to the influence on the (2,1) mode by the (1,1) mode. The cause for the asymmetry
is straightforward: the structural mode drives the acoustic field by an amount pro-
portional to U∞∂φ(x˜)/∂x˜ as shown in Eq. (3.6). The x˜ derivative of mode ϕj(x˜) is
approximately equal to ϕj+1(x˜), while the reverse is not true, which causes the asym-
metry. Figure 4.12 also shows that for moderately subsonic flows and frequencies
approaching 200 Hz the acoustic coupling can be of the same order of magnitude as
the self structural coupling, indicating that inter-modal dependencies increase with
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increasing grazing flow velocities. At lower speeds, however, the acoustic field is weak
and not an important driver in the system dynamics. For initial estimates of panel
response without flow it appears that intermodal coupling through the acoustic field
can be safely ignored, including for the purposes of understanding the modal response.
Modal response of the fluid-coupled system without a grazing
flow
Returning to the behavior of V˜rms presented in Figure 4.10(a)–(b), we recast the
discussion by writing the amplitude of a particular mode Vjq as determined implicitly
via (4.13) and more directly by rewriting ηjq = Vjq/(iω) in (4.12) as
Vjq =
Rjq
I+Bjq +Sjq
, (4.31)
where
I = msiω (4.32)
Bjq =
∫ 1
0
∫ 1
0
[B/(iω)]∇4V ϕj(x˜)ϕq(y˜) dx˜ dy˜/Vjq = wL
∑
j′q′
Bj′q′jqVj′q′/Vjq (4.33)
and
Sjq =
∫ 1
0
∫ 1
0
P+ϕj(x˜)ϕq(y˜) dx˜ dy˜/Vjq = wL
∑
j′q′
Dj′q′jqVj′q′/Vjq (4.34)
where B and D are defined in (A.7) and (A.9), respectively, in the Appendix A and
V = η˙. Equation (4.31) is still an implicit equation for Vjq because of the appearance
of∇4V and because P+ and the Vjq are coupled via the boundary condition. The util-
ity of this equation is that it more easily separates out the effects of the applied force
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caused by the incident sound, in the numerator as Rjq and mechanical impedances
associated with the plate inertia I, the bending Bjq, and the scattered pressure Sjq.
We start with the M∞ = 0 case for the (1,1) mode and examine why the ampli-
tude response V˜rms remained roughly constant in Figure 4.10(a) while the thickness
increased from sub-millimeter to 1 mm. As the thickness increases so too does the
peak response frequency (see Figure 4.9) so that the ratio of the incident acoustic
wavelength λ = 2pi/k+00 to the plate length reduces, indicating that there is an in-
creasing change in the phase of the incident pressure field over the plate that changes
the integrated force the plate experiences, as shown in Figure 4.13(a). However, even
at the highest frequency considered, the incident acoustic wavelength is several times
longer than the plate so there is effectively no change in the loading conditions seen
by the plate. We may thus take the numerator of (4.31), R11, as constant.
The inertia and bending stiffness contributions I and B11 shown in Figure 4.13(b)
are seen to be out-of-phase and nearly perfectly in balance, as they must be since
the response frequency is very close to the in vacuo frequency. Their sum is not
zero, however, and monotonically decreases, albeit slowly, as the plate thickens (see
Figure 4.13(c)). The scattered pressure field affecting mode (1, 1) is produced primar-
ily by the (1,1) mode directly and not by the other acoustically-coupled modes, and
maintains a nearly constant amplitude with a slight change in phase. The end result
is that the imbalance in the inertia and bending stiffness terms is accompanied by a
corresponding change in the radiated pressure such that their sum is nearly constant.
The tight coupling between the difference in the bending and inertia terms, and the
acoustic field, thus drives the (1,1) amplitude as a function of thickness. The struc-
tural and acoustic cross-modal coupling between the (1,1) and other plate modes is
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very weak for thin plates at low flow velocities, as discussed above, and decreases
with increasing plate thickness, indicating that the response of thicker plates will be
dominated by a single structural mode.
The behavior of the (2,1) plate mode for M∞ = 0, which decreases in magnitude
with increasing thickness, at frequencies near the (2,1) in vacuo mode is shown in
Figure 4.14(a)–(c). The input load is again constant over the thickness range of inter-
est (Figure 4.14(a)) and the bending and inertia terms are nearly equal in magnitude
but out of phase (Figure 4.14(b)). In contrast to the (1,1) mode, however, the sum
I + B21 is an increasing function of thickness, indicating that the dynamic stiffness
of this mode is increasing as shown in Figure 4.14(c). The acoustic radiation by the
(2,1) mode also increases as the panel thickens, due to the increase in frequency, but
is out of phase with the dynamic stiffness thus moderating the effective stiffness of
the panel. Overall, however, the effective stiffness increases with thickness so that
the (2,1) mode amplitude reduces.
From the relatively simple case of no grazing flow, we find that it is the imbalance
of sum of inertia and bending stiffness with the acoustic radiation that matter; which
are both functions of frequency. The acoustic radiation, though small in amplitude
relative to the inertia and bending terms individually, is not negligible relative to their
sum and must be included to determine the modal response amplitude. Only single
structural modes need to be considered to determine trends; however, we note that
for accurate modal amplitudes several modes should be used as shown in Figure 4.3.
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Estimating the modal response of the fluid-coupled system
with a grazing flow
We now consider the case when a subsonic grazing flow is present. As is shown
in Figure 4.12, the addition of a modestly subsonic grazing flow can change the
structural-acoustic coupling coefficients by more than an order of magnitude. In
these cases, one must be cautious of inter-modal coupling because of the presence
of the acoustic field. In fact, as is shown in Figure 4.10(a)–(b), the change in the
root-mean-square velocity of the plate depends non-monotonically with the thickness
as the grazing flow Mach number increases to 0.6.
In all cases to follow, we can treat the incident acoustic loading as being constant
with frequency for non-zero M∞ because the wavelength λ+ = 2pi/k+00 increases with
M∞. To save space, we will thus not show any figures of Rjq. Moreover, since
the inertia and bending stiffness are independent of M∞, we will not show their
independent contributions and focus solely on their sum I + Bjq.
With these simplifications in mind, consider the breakdown of the response of the
fluid-plate system forM∞ = 0.6 grazing flow in the vicinity of the (1,1) in vacuo mode
frequency in Fig. 4.15. As the plate thickens, the sum of the bending stiffness and
inertia reduces, indicating that the coupled system is vibrating at a frequency closer
to the (1,1) in vacuo mode. At the same time, the acoustic radiation from the (1,1)
structural mode drops more quickly such that the overall stiffness of the plate drops
with increasing thickness. For this case, the (1,1)–(2,1) modal coupling through the
acoustic field is very weak as shown in Fig. 4.12 and is not considered. The cause of
the drop in the acoustic radiation of the (1,1) mode is shown in Fig. 6.14 where there is
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a stronger frequency dependence of the acoustic radiation efficiency at higher grazing
flow Mach numbers. Observe also that the overall radiation for (1,1) mode increases
with M∞ for fixed frequency. The origin of this increased frequency dependence can
be seen in the definition of D of (A.9) from the term [U/(ωL)]∂ϕj′/∂x˜: for fixed
velocity the contribution of the convective term drops with increasing ω. Thus the
rise in the overall plate response with increasing thickness is due to reducing the
radiation efficiency of the (1,1) plate mode, indicating that intuition-based modeling
relying on increased panel thickness to reduce structural vibrations may not always
yield the desired results.
We finish our analysis of the modal response of the plate at M∞ = 0.6 by consid-
ering the cause of the non-monotonic behavior of the (2,1) plate mode originally seen
in Fig. 4.10. From that figure, we see that the plate response is minimum around a
0.3 mm thickness, rises by an order of magnitude for a 0.6 mm thick plate, then again
reduces with increasing thickness. Referring to Fig. 4.9, we see that the frequency
response of coupled system dominated by the (2,1) mode approaches the in vacuo
resonant frequency of the (1,1) mode for this Mach number. Thus we expect that
although the (2,1) mode is the dominant one, there is enough amplitude in the (1,1)
mode that it’s presence needs to be accounted for. As indicated in Fig. 4.17(c), the
ratio V11/V21 is around 30% for 0.2 and 0.3 mm thick plates. As a result the acoustic
radiation away from the panel is due to both the (1,1) and (2,1) modes. When the
plate thickness increases beyond 0.4 mm, the fundamental frequency of the vibration
increases to cause (a) a reduction in the overall (1,1) contribution to the dynamics
and (b) the reduction in the (2,1) acoustic radiation per unit modal amplitude with
frequency up to 100 Hz, as shown in Figs. 4.18. Beyond 100 Hz, the acoustic radi-
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ation from the (2,1) mode increases with increasing frequency causing an eventual
reduction in the modal response amplitude.
From these results we conclude that the acoustic field drives the amplitude of
the panel in the presence of a time-harmonic applied acoustic load. For these light
fluid-heavy plate results the natural resonance frequencies are very close to the in
vacuo freqeuncies, except for plates thinner than 0.3 mm, and that the total response
of the plate is approximately driven by a single structural mode, except again for
very thin plates. The strong frequency and Mach number dependence of the acoustic
radiation efficiency of a particular structural mode must be accounted for in assessing
the behavior of the plate and may lead to non-intuitive behaviors.
The modal decomposition of the fluid response, while useful, is not necessarily
comptuationally efficient and may not be practical for quick panel response estimates
using reduced order models. To this end we show next how to simplify our theory to
be more easily applicable to modal plate response prediction methodologies.
Effective damping
It is common to treat the acoustic field as an effective energy damper in modal descrip-
tions of acoustically-excited plate response [6, 30, 34]. Here we estimate the damping
factor provided by the structural-acoustic coupling by comparing the fully-coupled
response with that of a single degree of freedom mass-spring-damper system [66]. To
that effect, consider Equation (4.2) and expand the solution using the modes defined
in Equation (4.7) for a clamped plate. To compare with the single DOF system,
we assume that only the most significant plate mode is present. Based on these
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assumptions, the governing equation can be written as
−msω2Vjq +msω2nVjq +
∫ 1
0
∫ 1
0
P+iωϕj(x˜)ϕq(y˜)dx˜dy˜ =
∫ 1
0
∫ 1
0
Piiωϕj(x˜)ϕq(y˜)dx˜dy˜
(4.35)
Comparing with a single DOF system response, the effective damping factor can be
written as
ζjq =
∣∣∣∣∣
∫ 1
0
∫ 1
0 P
+ϕj(x˜)ϕq(y˜)dx˜dy˜
2msωVjq
∣∣∣∣∣ no sum on j, q. (4.36)
The effective damping of the (1,1) and (2,1) mode dominated peaks are plotted as a
function of plate thickness in Fig. 4.19. For both (1,1) and (2,1) peaks, the damping
factor drops significantly as the plate thickness increases. For (2,1) peaks, the presence
of flow in the duct significantly augments the damping factor, the magnitude of
increase being higher at lower plate thicknesses. Also note that the damping factors
are monotically decreasing, which follows from the assumption of a single dominant
mode of panel vibration being present. As shown in the prior section for the Mach
0.6 response of the (2,1) mode, this may not always be a good assumption. However,
most aerospace applications will use panels that are substantially thicker and should
be appropriately modeled, at least at low sound levels, by acoustic damping factors
that are mode specific and do not consider cross-modal coupling.
4.6 Discussion
The analysis of the previous section shows the importance of including the acoustic
field in determining the response of an acoustically-loaded panel in a duct. The duct-
mounted panel is a typical arrangement for sonic fatigue testing facilities at both
laboratory and full scales and experimental results are often used to guide fatigue
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testing parameters and/or fatigue prediction strategies. For very thick panels, the
effect of the fluid is, of course, limited to help setting the final vibration amplitude of
the panel in the absence of structural damping. Since all real systems include some
structural damping, the radiation loss percentages will be reduced from the amount
discussed here. In future systems where panel thicknesses are reduced to save weight,
not including the acoustic field can lead to erroneous conclusions regarding panel
response and its dependence on frequency and panel thickness.
We do not pretend that the above theory should be interpreted beyond an exercise
in determining if and when structural-acoustic coupling should be included in panel
response prediction. However, the above theory does illustrate two key facts. Firstly,
when a grazing flow is present, the sonic fatigue assessment performed in a laboratory
facility without significant grazing flow can be extrapolated to flight conditions only
with the most extreme of care since the parametric dependence of the structural-fluid
coupling coefficients are strong functions of grazing flow Mach number, and trends can
change direction beyond a critical Mach number (see, e.g., Fig. 4.18). Secondly, the
expression for the acoustic modal damping (Eq. (4.36)) may be useful for estimating
the acoustic damping factor applied to a given structural mode. In this way the fluid-
structural coupling is modeled in a physically-meaningful way through the effective
damping ζjq.
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Figure 4.1: Infinite rectangular duct with a wall-mounted elastic plate, subjected to
plane wave of amplitude Pi and frequency ω with grazing uniform flow U in the duct.
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Figure 4.2: Verification study: Frequency dependence of V˜rms for a simply-supported
plate backed by cavity in the absence of flow: ( ) this work; (•) Huang (2006).
The vertical lines represent the frequency of in vacuo modes of the plate.
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Figure 4.3: Modal convergence of duct and plate modes.
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Figure 4.4: Variation of onset Mach number of instability with plate thickness for a
fully-clamped plate.
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Figure 4.5: Plate thickness as a function of sound pressure level for nonlinear stiffening
parameter !˜ for a fully-clamped plate. Legend: "˜ = 0.01 •, 0.1 ! and 0.2 ".
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Figure 4.6: Input and response spectra for acoustically loaded simply-supported (•)
and clamped ( ) aluminum panels for conditions corresponding to Eq. (4.18)
and thickness = 0.7 mm. Vertical lines represent in vacuo natural frequencies of the
plates.
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Figure 4.7: Contours of scattered pressure field, P+, and plate response, ηˆ, in the
duct for a 0.7 mm thick clamped plate excited at the (2,1) in vacuo peak frequency
for Mach numbers M∞ = 0.0 and M∞ = 0.6. For better visualization of contours of
scattered pressure, the duct is stretched in the axial direction. Figures in inset show
the out of plane displacement of the plate.
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Figure 4.8: Effect of uniform flow on the response of the fully-clamped plate near the
(1,1) and (2,1) peak frequencies. Legend: M∞=0.0 (•), 0.3 (!) and 0.6 (#).
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Figure 4.9: Effect of structural-acoustic coupling on the frequency of the V˜rms peaks
for Aluminum plates of various thicknesses. The symbols correspond to the fully
coupled solutions, while the curves represent the in vacuo natural frequencies of the
plate. Legend: M∞ = 0.0 (•), 0.3 (!) and 0.6 ("). Open (closed) symbols denote
responses where the (1,1) ((2,1)) mode dominates.
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Figure 4.10: Effect of uniform flow on the response of the fully-clamped plate near
the (1,1) and (2,1) peak frequences. Legend: M∞=0.0 (•), 0.3 (!) and 0.6 (").
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Figure 4.11: Relative structural coupling coefficients of the first eight (j, 1) modes.
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Figure 4.12: Relative structural-acoustic coupling coefficients as functions of Mach
number and frequency for the (1, 1) and (2, 1) modes.
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Figure 4.13: Thickness dependence of various terms in Eq. (4.31) for V11 dynamics
in (1,1) plate mode dominated peaks at M∞ = 0.0.
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Figure 4.14: Thickness dependence of various terms in Eq. (4.31) for V21 dynamics
in (2,1) plate mode dominated peaks at M∞ = 0.0.
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Figure 4.15: Thickness dependence of various terms in Eq. (4.31) for V11 dynamics
in (1,1) plate mode dominated peaks at M∞ = 0.6.
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Figure 4.17: Thickness dependence of various terms in Eq. (4.31) for V21 dynamics in
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Figure 4.18: Projection of pressure field due to (2,1) plate mode vibration on (2,1)
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Chapter 5
Numerical solvers: description and
verification
5.1 Introduction
The analytical solution described in Chapters 3 and 4 assumes that the governing
equations are linear. Due to this assumption, the theory is not applicable at sonic
Mach number or for high acoustic loads. Also, the linear plate equation neglects
in-plane stresses and displacements in directions parallel to plate, and other nonlin-
earities at high loading conditions. Other limitations include (i) the infinite length of
the duct, and (ii) the fact that the duct, plate and, if applicable, cavity, have the same
width. There is also a critical assumption regarding the time response of the plate,
i.e., the plate response has the same frequency dependence as the forcing acoustic
wave, due to which the analytical solution cannot predict the response accurately
when there is an instability in the plate response. The fluid/solid interface bound-
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ary conditions are implemented on the undeformed surface of the plate. Because of
these assumptions, the range of loading and geometric conditions under which the
plate response can be predicted using the analytical method is limited. A compari-
son between the analytical method described in Chapter 4 and the numerical solvers
described in this Chapter are presented in Chapter 6.
To address these limitations, the coupled structural-acoustic interaction of sound
with a plate in a duct-plate system is studied using numerical simulations based on
more generic solvers. The fluid and structural solvers used in this numerical study
are RocfloCM [46] and Rocfrac [21], respectively, loosely coupled using the Rocstar
framework [1]. The fluid solver uses finite difference discretization and the solid
solver uses finite element discretization of the respective domains. Both solvers are
developed in-house. Communication between these independent solvers is carried
out using Rocman [1] and load transfer across the fluid/solid interface is performed
using the common refinement scheme, which has been shown to be both conservative
and accurate [41]. In this chapter, the description and verification of the individual
solvers for various problems are described. Also, the verification of the numerical
solver with a one-dimensional coupled problem is presented. The analytical solution
for the coupled response of a spring-mass system in a duct is found by integrating the
governing differential equation for a spring-mass system and is given in Appendix C.
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5.2 Fluid solver : RocfloCM
5.2.1 Description of fluid solver
The in-house developed fluid solver, RocfloCM, solves the compressible Navier-Stokes
equations, which in non-dimensional form may be written as,
∂ρ
∂t
+
∂
∂xj
(ρuj) = 0, (5.1)
∂ρui
∂t
+
∂
∂xj
(ρuiuj + pδij − τij) = 0, (5.2)
∂ρE
∂t
+
∂
∂xj
({ρE + p}uj + qj − uiτij) = 0, (5.3)
where ρ is the density, ui is the component of velocity in i direction, p is the pressure,
E is the total internal energy per unit mass. A Newtonian fluid with Fourier heat
conduction model is assumed such that the shear stress tensor τij and the heat flux
vector qi are
τij =
µ
Re
(
∂ui
∂xj
+
∂uj
∂xi
)
+
λ
Re
∂uk
∂xk
δij ,
qi = − µ
PrRe
∂Θ
∂xi
, (5.4)
where Pr is the Prandtl number and Re the Reynolds number. Coefficients of viscosity,
µ(Θ) and λ(Θ) are functions of temperature Θ only and are given by the same power
law
µ
µ∞
=
λ
λ∞
=
(
Θ
Θ∞
)0.666
, (5.5)
The subscript∞ is used for the reference values. The time integration of the governing
equations are carried out using the Runge-Kutta fourth-order explicit scheme and the
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spatial derivaties are discretized using higher-order finite difference stencils of fifth-
order accuracy, that satisfy the Summation By Parts (SBP) property [60] and rely
on the Simultaneous Approximation Term (SAT) treatment for the boundary [9, 62].
Though the solver has the ability to solve full Navier-Stokes equations, only the
inviscid part of the equations are considered for the present investigation.
A typical Gridgen-generated discretization of the fluid domain used in the coupled
simulations of the structural-acoustic interaction of the plate in the duct is presented
in Figure 5.1. Inside the sponge zones on the two ends of the duct, the governing equa-
tions are solved by adding a source term of the form −σ(Q−Qref ) to the governing
Equation 5.1, where Q = [ρ ρu ρv ρw ρE] and the subscript ‘ref’ stands for reference
values. The penalty parameter σ is calculated as σ = 5η2, where η is the ratio of the
distance from the edge of the sponge to the length of the sponge. A more detailed
analysis of the sponge treatment of boundary condition is given in [10]. Acoustic
plane waves are generated in the duct using SAT treatment at the boundary. Also,
velocity from solid domain is transfered to fluid domain using SAT treament, which
is found to be stable. Sponge boundary conditions [10] are used to absorb the waves
at numerical boundaries. The hard walls are modeled as slip-adiabatic walls. In the
next section, the verification of fluid solver is described.
5.2.2 Verification
In this section the verification of the fluid solver for two problems are described. The
first one is the comparison of axial variation of density along a duct due to a plane
wave traveling downstream with the analytical solution for a linear 1D wave equation.
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The second problem is the standard piston vibrating into a tube, where the solution
can be obtained using Method of Characteristics (MOC).
Typical example of an acoustic plane wave of 100 dB having a frequency of 177.82
Hz is simulated using the fluid solver. The axial distribution of nondimensional
density along the center-line of duct is compared with that predicted by 1D linear wave
theory. The plot of which is shown in Figure 5.2, which shows a good match. For this
problem, a duct of dimensions 6.3048 m × 0.3048 m × 0.3048 m is considered. The
spatial discretization is done using 241 × 41 × 41 mesh points. The sponge zones on
both edges of the duct is of length 1.5 m each. From stability considerations imposed
due to the use of Runge-Kutta time stepping, a constant time step of 9 µs (CFL =
0.5) is used for the computations. The duct of same dimensions and discretizations
will be used while solving for the coupled structural-acoustic interaction of plate in a
duct, which will be described in Chapter 6.
To verify the numerical code, the flow field generated by a piston moving into
a compressible fluid in a 1D tube is simulated. For a prescribed piston motion,
the flow field generated can be obtained using the method of characteristics (MOC)
solution described in Appendix C. The variation of density with respect to time at x0
calculated using both methods for the problem outlined in Appendix C and plotted
in Figure 5.3. The following set of numerical parameters were used. The fluid domain
is 1D and has a length of 10 m discretized using 1001 equally-spaced nodes. The fluid
mesh is updated every time step based on the motion of the boundary. A time step
of 0.1 s was used to integrate the governing equations. The mean pressure is 10132.5
Pa, density is 1.1858 kg/m3, and ratio of specific heat is 1.4. The results from both
the methods show that the fluid is being progressively compressed by the accelerating
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motion of the piston. The code can reproduce the analytical solution reasonably well
for the motion of a piston into a compressible gas in a one dimensional tube.
5.3 Structural solver : Rocfrac
5.3.1 Description of structural solver
The transient response of the plate is modeled using an implicit finite element solver
based on a linear kinematic representation. Rocfrac uses a mixed enhanced strain for-
mulation to capture the bending response of the plate accurately, and a second-order
Newmark predictor-corrector time integrator [21, 45]. The mass matrix is computed
as an average of the consistent and lumped mass matrices for reducing the dispersion
error [40]. Eight node hexahedral elements are used for spatial discretization and the
mesh is generated using Patran, typical mesh being shown in Figure 5.4. The plate
thickness is much lower than the other two dimensions. Hence, the finite thickness is
not clear from the figure. The next section details some of the “solid-only” problems
done to verify the structural solver.
5.3.2 Verification
The structural solver is tested for various cases: The tip deflection of a cantilever
beam as shown in Figure 5.5 is computed and compared to the analytical solution
available in Ref. [71]. The loading condition being given by
P (t) =


P0 sin
(
pit
T
)
if t < T
0 otherwise,
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where T is the period corresponding to the fundamenal frequency and t is the time.
The following set of parameters are used
L = 10m, w = h = 0.25m,
ρ = 2700 kg/m3, E = 70GPa, P0 = 100N, (5.6)
with L being the length of the beam, w the width, h the height of the beam, E the
Young’s modulus and ρ the density. The variation of the tip displacement of the
beam with time is compared between the analytical and numerical solutions and is
shown in Figure 5.6. A finite element mesh of 40 × 2 × 2 mesh is used and it is
also observed that higher L/w ratio is necessary for good comparison with analytical
results of Euler-Bernoulli beam theroy to satisfy the slender beam assumption. The
time step used is 0.001 s.
Another verification problem solved is the static center deflection of a clamped
plate subjected to uniform pressure computed using two different mesh sizes and
the results are compared with those reported in literature using a theoretical ap-
proach [65]. For the numerical simulation, uniform pressure of 1 N/m2 is applied on
an Aluminum plate of dimensions 0.3048 m × 0.3048 m × 0.0007 m. The results are
shown in Table 6.1, where P is the uniform pressure, a is the length of square plate,
w(0, 0) is the center deflection and D is the bending stiffness of plate.
Bayles et al. [5] studied the dynamic response of a clamped glass plate loaded
impulsively by uniform pressure using a lumped parameter model for rectangular
plates (Yamaki, 1961) and a finite difference approach. The dimensions of the plate
are eight feet square by 0.25 in thick with a specific weight of 157.5 lb/ft3, E = 107
lbf/in2, ν = 0.23 and a uniform pressure of 1 lbf/ft2. For the clamped glass plate, the
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w(0,0)D
Pa4
Rocfrac (12 × 12 × 2) 0.00122
Rocfrac (24 × 24 × 2) 0.00124
Timoshenko (1959) 0.00126
Table 5.1: Static center deflection of a clamped plate subjected to uniform pressure:
comparison between the FEM solver using two grids and theory.
displacement-time response is shown in Figure 5.7. From the figure it can be seen
that Rocfrac gives a reasonably good match with the results reported for the dynamic
problem. Rocfrac compares better with Yamaki’s results, which is more accurate than
Bayles’ method as stated in [5]. 24 × 24 × 2 elements were used with a time step of
0.001 s. This comparison shows that Rocfrac can be used to study dynamic response
of clamped plates reasonably well.
The exact solution of the deflection of a clamped-clamped beam subjected to
uniform pressure is compared with the deflection found using the clamped-clamped
beam modes described in Chapter 4. Hence this problem can be used to check the
convergence characteristic of the clamped-clamped beam modes. Figure 5.8 shows
the deflection of the beam subjected to uniform pressure compared with the exact
solution. The relative error in the center deflection with number of modes is also
plotted. The figures show that the modes can capture the deflection accurately and
for more than 8 modes, the relative error is less than 10−2%. The problem was done
for a clamped-clamped beam of length, L = 0.3048 m, Young’s modulus, E = 70× 109
N/m2 and stiffness of EI = 2.0 and uniform force, P = 1 N/m.
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5.4 Fluid-structure interface
At the fluid-structure interface, a conservative common refinement based load trans-
fer methodology that has been shown to be more accurate and stable is used [43].
The fluid-structure interface between the flat plate and fluid in the duct is 2D. In the
common-refinement transfer formulation, a reference surface is computed by averag-
ing the fluid interface and structures interface. The common refinement is defined
by the intersection of the elements of input meshes, called sub-elements as shown
in Figure 5.9. In this method, the load at each common-refinement node is com-
puted by summing over the contribution from the sub-elements [42]. By constructing
sub-elements and applying the least squares minimization, the common refinement
scheme yields a more stable and accurate transfer between the independent fluid and
structural solvers having non-matching meshes. Pressure is transferred from fluid
code to structures code and the three components of velocity is transferred from the
structure to the fluid domain which is shown in Figure 5.10.
5.4.1 Verification of the coupled solver
The analytical solution for the damping of a spring-mass system by acoustic radiation
into a one-dimensional duct is derived in Appendix B and used to verify the coupled
three-dimensional numerical solver. To model the mass-spring system within the
finite element solver described in the previous section, the following idealizations are
made. A finite element mesh of 40 × 1 × 1 elements with a time step of 0.001 s is
used. The spring element is modeled as a very low mass finite element, ρ = 10−6ρ0,
where ρ0 = 2700 kg/m3 and the Young’s modulus, E set to 70× 109 N/m2 to model
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a spring constant K. The mass element is modeled as a very flexible finite element,
with Young’s modulus = 3.571× 10−6E, density ρ0 and Poisson’s ratio set to zero.
On the fluid side, the mass-fluid interface is modeled by imposing the velocity from
the mass on the left face of the duct using Simultaneous Approximation Term (SAT)
boundary condition [62]. The fluid mesh is considered non-moving. Non-reflecting
boundary condition is imposed on the right side of the fluid domain to model the fluid
domain as a semi-infinite duct. The solution is found for a reference pressure of 100
kPa, reference density of 1.2 kg/m3 and, ratio of specific heat of 1.4. The mass of the
spring-mass system is 0.8 kg and the spring constant is 3.2pi2× 106 N/m. The solution
is found for the intial condition where the mass is in its equilibrium position and given
an initial velocity of 20 m/s in the axial direction. The variation of displacement of
center of mass with time computed from the simulation is plotted in Figure 5.11, which
shows a good match with the theory. This verifies the coupling capabilities of the code
and the implementation of the fluid-structure interface boundary condition. Recall
that, in Chapter 3, a comparison was made between the extended theory for the plate
radiated pressure in the duct against the numerical solver. These two comparisons
suggest that the fluid-structural coupling in the numerical solver is correct.
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Figure 5.1: Fluid domain for numerical simulation showing every 10th node.
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Figure 5.2: Axial distribution of density for plane wave: * RocfloCM;
Linear theory.
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Figure 5.6: Tip displacement vs time for a tip loaded cantilever: : Analyt-
ical, : Numerical. Inset figure shows loading with time.
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finite difference method of Bayles et al. [5], *: lumped parameter model of Yamaki
(1961), : Rocfrac (FEM).
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Figure 5.8: Subfigure (a) shows the variation of beam displacement using modal
method ( ) and exact solution ( ) for clamped-clamped beam sub-
jected to uniform pressure. Subfigure (b) is the variation of relative error with number
of modes showing nearly fourth order convergence.
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Figure 5.9: Schematic of common-refinement based projection scheme for load trans-
fer, where shaded area denotes one surface subelement taken from [42]. Γ is the
interface boundary and subscript f stands for fluid domain and s for structure do-
main and c for common-refinement interface.
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Figure 5.10: Duct-plate system with the fluid-structure interacting surface.
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Figure 5.11: Temporal response of the mass for structural-acoustic interaction of
1D spring-mass-duct system. Legend: * : exact solution; : numerical
simulation.
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Chapter 6
Comparison of numerical
simulations with theory
6.1 Introduction
In this chapter, results from the numerical simulation of the structural-acoustic cou-
pled response of a plate in an SEF-like system is compared with that predicted using
the analytical theory presented in Chapters 3 and 4. The simulations are used to
predict the spectrum at sonic conditions also, where the analytical theory has a sin-
gularity. The comparisons will use the spectral distributions of the plate velocity to
be consistent with typical experimental measurements [32, 37]. Using the simulations,
the spectrum is computed for two different plate thicknesses, 0.7 mm and 0.4 mm,
at Mach numbers between 0.0 and 2.0. The range is chosen to include the transonic
Mach numbers. Based on our study using extended Doak’s theory, it is found that
acoustic radiation is maximum in that flow regime and the analytical theory is sin-
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gular at sonic condition. Using the results from the numerical simulations, the effect
of uniform mean flow in the duct on the coupled structural-acoustic response of the
plate at sonic Mach numbers is brought out.
6.2 Coupled structural-acoustic response of a plate
in a duct
The effect of flow on the coupled structural-acoustic response of a clamped, elastic
plate mounted flush in a square duct in presence of plane waves with a broadband
flat spectrum is studied. For this, numerical simulations for a range of Mach numbers
from 0.0 to 2.0 are done. The spectral response of the plate is compared with the
analytical theory exccept at sonic conditions. From the spectral response, the effect
of flow is deduced with the understanding gained using the analytical theory and
extended Doak’s theory for uniform mean flow.
The geometrical details of the duct are given in Equation (4.18). The plate is
subjected to planar acoustic waves having a flat broadband spectrum of sound pres-
sure level of 80 dB. The overall sound pressure level is 106 dB. The sound pressure
level is chosen such that the nonlinear stiffening parameter, as shown in Figure 4.5,
is within a value of 0.1. The range of frequencies in the flat spectrum include the
(1,1), (2,1), (3,1), (2,3), (4,1) and (3,3) in vacuo bending modes of the plate. The
plate response is predicted for two plate thicknesses, 0.4 mm and 0.7 mm. Typical
tests in the SEF are done for panels that are more than 0.5 mm thick. So a typical
plate thickness of 0.7 mm is considered. Plate thickness of 0.4 mm is chosen, because
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enhanced levels of structural-acoustic coupling is expected at lower plate thickness
as predicted by the linear theory discussed in Chapter 4. Also, different flow Mach
numbers are considered, 0.0, 0.9, 1.0, 1.1 and, 2.0. The Mach numbers are chosen
such that the numerical simulations can compute the response of plate at transonic
Mach numbers, where the linear assumption in the analytical theory reaches its limit
of being valid. Also, from the extension of Doak’s theory presented in Chapter 3, it is
found that given that other conditions are same, acoustic radiation is most significant
at transonic Mach numbers (Figs 3.2 - 3.5).
The domain of simulation is shown in Figure 5.1. A duct of dimensions 6.3048 m
× 0.3048 m × 0.3048 m is considered. The clamped plate of size 0.3048 m × 0.3048
m is mounted flush on the wall at z = 0 plane at the center of the duct. Sponge
zones of 1.5 m on both ends of the duct serve to absorb the waves going out of the
domain. Plane waves, implemented using SAT boundary condition, propagate down
the duct in the +x direction along with a uniform mean flow. The fluid-stucture
interface data transfer is also done through an SAT implementation. All walls of
the duct are modeled as adiabatic-slip.. Clamped boundary conditons are imposed
on all the boundary elements of the plate. From the stability consideration of the
Runge-Kutta fourth order scheme used in the fluid domain, a constant time step of
9 × 10−6 s (CFL = 0.5) is used for all the simulations described in this chapter. The
fluid domain was discretized using a mesh of 241 × 41 × 41 nodes. On either side
of the plate 101 nodes are placed in x-direction with nodes clustered towards the
plate. Across the duct cross section, the nodes are uniformly distributed. This mesh
will contain at least 20 nodes for the shortest wavelength of interest, i.e. 0.68 m at
no-flow condition. Derivatives in the governing Euler equations are computed using
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an explicit SBP scheme which is eighth order accurate in the interior and fourth order
accurate at the boundary giving an overall accuracy of fifth order [60]. The sponge
strength and other parameters are given in section 5.2.1. The plate is discretized
using 48 × 48 × 4 elements. The details of coupling between fluid and structures
code are given in section 5.4.
6.2.1 Generation of broadband sound waves
To create a flat broadband spectrum, the technique described by Tam et al. [63] is
used. For computing the spectrum numerically, it has to be discretized. The j-th
bandwidth is written as
∆ωj = ∆ω0
(
1
2
+
ρj
2
)
,
where ρj is a random number between zero and one and ∆ω0 is the reference band-
width. Since the energy content in the bandwidth varies as the square of the ampli-
tude, to have uniform distribution of energy, the plane wave amplitude is scaled with√
∆ωj
∆ω0
. The planewave corresponding to the j-th bandwidth is written as
pj = A0
√
∆ωj
∆ω0
sin (ωjt+ χj)
where χj is a random phase varying between 0 and 2pi. A comparison of the spectrum
created using this method and by the combination of plane waves with and without
a random phase is discussed in Appendix D. A typical example of a flat pressure
spectrum generated using this method with a frequency range of 125-145 Hz using 80
discrete signals, each having a SPL of 100 dB, is shown in Figure 6.1. The pressure
spectrum is computed by taking the FFT of the in-coming pressure signal on the
center of the plate for a time record of 1.8 s with data saved at every 36 × 10−5 s. For
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the plate of 0.7 mm thickness broadband forcing with white noise in the frequency
range of 50-500 Hz is used. The maximum frequency of 500 Hz is chosen so as not to
exceed the first cut-on frequency of the SEF at no-flow conditions which is 557 Hz.
By using this frequency range, all in vacuo resonance frequencies corresponding to
the (3,3) mode and below will be excited by the forcing. For 0.4 mm thick plate, the
frequency range is 25-250 Hz. The frequency range is chosen such that the same set
of peaks will be excited as that are excited for the 0.7 mm plate.
6.2.2 Post-processing the plate response data
The plate response is assessed by computing the spectral component of the plate
velocity. For this, the modal component of the plate velocity is calculated by taking
projection of the plate velocity with the plate mode.
Vjq(t) =
1
A
∫ L
0
∫ w
0
V (x, y, t)ϕj(x)ϕq(y) dx dy,
where A is the area of the plate and ϕj(x)ϕq(y) is the (j, q)-th plate mode. The
integration is performed numerically using Simpson’s rule using the velocity at the
surface nodes. 10 × 10 plate modes are considered for this calculation. Comparison
of the spectrum computed using 4 × 4, 10 × 10 and 14 × 14 modes are shown in
Figure 6.2, which shows that 4 × 4 modes can capture the spectrum accurately. This
also shows that contribution from higher order modes may be negligible. But, with
flow and at lower thickness, higher modes may have a non-trivial contribution to the
spectrum. Hence 10 × 10 modes are used for all the computations. The spectral
component of the modal velocity is computed by taking the Fourier transform of the
modal component of the velocity. The spectral contribution to kinetic energy is given
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by Vjq(ω)V jq(ω) where V jq corresponds to the complex conjugate of Vjq. Therefore
the Vrms is defined as
Vrms(ω) =
√∑
j
∑
q
Vjq(ω)V jq(ω). (6.1)
The FFT-computed spectrum has a Nyquist frequency of 1389 Hz and a frequency
resolution of 0.5 Hz. The first 9 ms of data is not used to reduce the effect of initial
transients on the spectrum. (It takes ∼ 10 ms for the plane wave to reach the plate
at no-flow condition.) To study the effect of initial transients, the spectrum was
computed by truncating the first 9, 18 and 27 ms of data. The corresponding spectra
are plotted in Figure 6.3, which show that the initial transients have minimal effect on
the overall spectra. To study the length of the time record, the spectra was computed
for time records of 0.9, 1.8 and 2.7 s, which are shown in Figure 6.4. From the figure,
it can be seen that a time record of 1.8 s and 2.7 s gives spectrum that are almost
identical. Hence a time record of 1.8 s gives a converged spectrum.
The Vrms spectrum from the analytical theory is computed as follows. The theory
predicts the amplitude of plate modes at a given forcing frequency. Using these
velocity amplitudes Vjq, the velocity signal is computed as
V (x, y, t) = Re
{
K∑
k=1
J∑
j=1
Q∑
q=1
Vjqϕj(x)ϕq(y)e
iωkt+φk
}
, (6.2)
where ϕj(x)ϕq(y) is the clamped plate velocity mode, and ωk is the same set of
frequencies used in the numerical simualtions and φk are the corresponding random
phases. The same number of plate modes, length of time record and sampling rate are
used as those used for post-processing data from numerical simulations for computing
the spectrum.
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6.3 Comparison of theory with simulations
In this section, the Vrms spectrum computed using numerical simulations is compared
with that computed from analytical theory.
In Figure 6.5, the Vrms spectrum for the response of a 0.7 mm thick plate when
there is no uniform mean flow in the duct is compared. The in vacuo natural frequen-
cies for a 0.7 mm thick plate are given in Table 6.1. From Figure 6.5, it is clear that
the spectra computed from the theory and simulations are close, with resonances very
near the in vacuo natural frequencies of the plate. Due to acoustic radiation from the
plate, the peaks have finite amplitudes. The amplitude of the peak near the (1,1) in
vacuo mode are very close as computed by theory and simulations. From the analysis
done in Chapter 4 (Eq. (4.31)), it is found that the peak amplitude is a ratio of the
forcing pressure and the sum of inertia, bending stiffness and acoustic radiation. For
thick plates, inertia balances bending stiffness and acoustic radiation is dominant in
the denominator of Eq. (4.31). Also, from the pressure amplitudes predicted using
extended Doak’s theory shown in Figure 3.2, we can see that acoustic radiation as
predicted by the theory and numerical simulations match very closely at M = 0.
Hence, we observe a good comparison between theory and numerical simulations for
the peak near (1,1) in vacuo mode at no-flow condition for a plate of 0.7 mm thick-
ness. Similar argument will hold good for the good comparison between theory and
simulations for all the peaks observed in this no-flow situation. The amplitudes of
the other peaks and the frequencies at which the responses peak are also comparable.
The theoretical predictions in Chapter 4 shows that the frequency of peak responses
are very close to the in vacuo natural frequencies because the magnitude of acoustic
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radiation is much lower in magnitude compared to the inertia or bending stiffness of
the plate.
Figure 6.6 compares the spectrum when there is a uniform mean flow of Mach
number 0.9 in the duct. At a uniform flow with Mach number of 0.9, the upstream
propagating wave has a wavelength one-tenth of the wave at no-flow condition. So,
more number of grids may be needed farther away from the plate. Figure 6.7 show the
spectrum computed for two grids: 241 × 41 × and 441 and 41 × 41 × 41 nodes for
the fluid domain. The spectra for the plate response are close for the two cases, which
suggest that a fluid grid resolution of 241 × 41 × 41 is sufficient to capture the plate
response. The amplitude of the peak near the (1,1) mode from numerical simulations
are comparable with that from theory though the frequencies at which they peak
are different. Figure 3.5 gives a good comparison between theory and simulations
at a Mach number of 0.9. The magnitudes of the response are comparable at the
frequencies near the (2,1) peak though the shape of the peaks are different. All
the other peaks in the frequency of interest are present both in the theoretical and
numerical predictions with comparable amplitudes. One reason for the lack of good
comparison between theory and numerical simulations is that the Mach number is
approaching unity where there is singularity in the theory. Also, it can be seen from
Figure 3.6 that some of the duct modes are cut-on and the theory cannot predict the
amplitude of pressure waves at frequencies near the cut-on frequency. That is the
reason for some of the additional peaks observed, for example the one near 475 Hz.
Also, it can be seen from figures 3.4 and 3.5 that the extension of Doak’s theory does
not compare well with numerical simulations at a Mach number of 0.9.
The results for Mach number 1.1 and plate thickness of 0.7 mm are presented in
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Figure 6.8. It is interesting to observe that magnitude of the amplitudes of peaks
are greatly reduced relative to the no-flow case. There is a prominent peak between
(1,1) and (2,1) in vacuo natural frequencies in the spectrum predicted by the theory.
In Chapter 4, it is seen that flow can introduce significant shift in the frequencies
at which the response peaks. There is also a prominent peak at the (3,1) in vacuo
natural frequency. The magnitude of the peaks at (3,3) and (4,1) in vacuo natural
frequencies has been greatly reduced relative to the no-flow case. From figure 3.4 and
3.5 showing the comparison of extended Doak’s theory with numerical simulations,
it can be seen that the magnitude of acoustic radiation from the plate can be more
than an order of magnitude at a Mach number of 1.1 compared to no-flow conditions.
Hence, the amplitudes of the peaks are greatly reduced at supersonic flow compared
to the no-flow case.
Spectral responses for the 0.7 mm thick plate in the presence of a supersonic flow
of Mach number 2.0 is presented in Figure 6.9. The magnitude of all the peaks are
reduced by the presence of the flow compared to the response at no-flow condition.
The spectrum computed using analytical theory clearly exhibits some distict peaks
which are not prominent in the numerical spectra. In both spectra, there is a peak
near the (3,1) in vacuo natural frequency of the plate. The peak near the (1,1) in
vacuo natural frequency is clearly present in the analytical spectrum though it is
not very clear in the numerical spectrum, though the magnitude of the spectrum is
comparable in those frequency ranges. The peaks near the (2,1), (3,3) and (4,1) in
vacuo natural frequencies seems to be flattened out in the presence of flow in both
cases. Figures 3.2 to 3.5 suggest that the theory is able to predict quite accurately
the pressure radiated for these modes at a Mach number of 2.0.
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Similar comparison is also made for a plate thickness of 0.4 mm. Figure 6.10 shows
the comparison of the Vrms spectrum when there is no uniform mean flow in the duct.
As can be seen from the figure, the predictions using theory give good comparison
with that computed from the numerical simulation. The in vacuo natural frequencies
for a 0.4 mm thick clamped plate are given in Table 6.1. The peaks in the figure
occur near the in vacuo natural frequencies of the plate. Also, the magnitudes of
the peaks are comparable. From the analysis done in Chapter 4 (Eq. (4.31)), the
peak amplitudes are strong function of acoustic radiation from plates. From figures
3.2 to 3.5 comparing the pressure on the plate surface computed using theory and
simulations, it is clear that the pressure field can be predicted quite accurately due
to a vibrating plate in the absence of a uniform mean flow, which explains the good
comparison between theory and simulations in this case.
Figure 6.11 shows the spectrum computed by the two methods when there is
uniform mean flow with Mach number of 0.9. As can be observed from the figure,
the spectral response is quite different compared to the response at no-flow condition.
This can be attributed to the fact that in the numerical simualtion, the plate response
became unstable and restabilizes shown in Figure 6.12. The analytical solution cannot
capture the growth of instability in the plate response because of the assumption
of same frequency dependence as the forcing plane wave. Using a slightly different
formulation, the analytical theory can be used to predict the onset of instability which
is shown in Chapter 4. Figure 4.4 shows that a 0.4 mm thick plate goes unstable near
a Mach number of 0.9. This explains the observed difference in the spectral response
at this Mach number.
Figure 6.13 shows the comparison of spectrum at Mach number of 1.1. The
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peak due to the (3,1) in vacuo mode is the most prominent one from both methods.
The amplitudes and the peak frequencies are of comparable magnitude. The spectral
response computed using the simulations do not show other prominent peaks whereas
the spctrum computed using theory clearly shows some peaks. The magnitude of the
spectral response by the two methods are comparable. The spectral response at Mach
number of 2.0 is shown in Figure 6.14. The spectrum from the numerical simualtions
shows that the flow has flattened out all the prominent peaks observed for the no
flow case. The spectrum computed using the theory shows a peak near the in vacuo
(3,1) mode though comparable in magnitude to that from the numerical simulation
at that frequency.
In summary, comparison of spectrum computed from numerical simulations and
analytical theory show good match in the absence of flow for plates of 0.7 mm and 0.4
mm thickness. In the presence of flow, the match seems to get less favorable, though
some of the features compare well. Possible reasons for the mismatch are (i) presence
of duct cut-on modes which will result in different responses, especially at frequencies
close to cut-off frequencies because of the linearization breaking down under those
conditions and (ii) linear theory breaking down near sonic Mach numbers where there
is a singularity in the analytical theory. The spectrum at supersonic conditions for a
0.7 mm plate compares better with theory than those for a 0.4 mm plate. This may
be due to stronger cross-modal coupling at lower plate thicknesses.
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6.4 Effect of flow
In this section, the effect of flow on the coupled structural-acoustic response of 0.4 mm
and 0.7 mm plates is described using the data from numerical simulations and that
which has been used for comparison with theoretical results in the previous section.
For each plate thicknesses, the spectrum at five different Mach numbers, 0.0, 0.9,
1.0, 1.1 and 2.0, are computed. Figure 6.15 shows the spectral responses for the 0.7
mm thick plate. In general the effect of flow seems to enhance the acoustic radiation
from the plate as shown in Figures 3.2 to 3.5. That explains the amplitude of peaks
getting reduced with flow. There is an exception when at Mach number of 1.0, the
amplitude of peak due to (1,1) mode has been amplified slightly compared to the no
flow case. But for other Mach numbers, the amplitude of the peak has decreased in
the presence of flow.
The spectral response for the 0.4 mm plate for different Mach numbers is shown
in Figure 6.16. Unlike in the 0.7 mm thick plate case, here the response of the
plate becomes unstable at Mach number of 0.9 as shown in Figure 6.12. Also, the
magnitude of the (1,1) peak is marginally more at Mach number 1.0 compared to the
no flow case. The effect of supersonic flow seems to be to make the response spectrum
look flatter with all the prominent peaks being flattened.
In summary, the effect of flow is to modify the sound source structure of the plate
as described in Chapter 3 (Eq. 3.6). Also the radiation characteristics gets modified
as a function of frequency and Mach number by modifying the wave number of the
duct modes (Eq. 3.4). Duct modes after getting cut-on can radiate energy away from
the plate. Flow can induce stronger coupling between the plate modes through the
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acoustic field in the duct. Stronger cross-modal coupling will be there for 0.4 mm
plate in comparison to 0.7 mm plate as predicted by the theory in Chapter 4 at higher
Mach numbers as shown in Figure 4.12.
Frequency (Hz)
Mode 0.4 mm 0.7mm
(1,1) 38.8 67.9
(2,1) 79.3 138.7
(3,1) 142.5 249.3
(2,3) 178.4 312.2
(4,1) 227.2 397.7
(3,3) 237.5 415.7
Table 6.1: In vacuo natural bending frequencies of a clamped plate.
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Figure 6.1: Flat pressure spectrum with frequency range of 125-145 Hz. Legend:
( ): exact, ( ): numerical.
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Figure 6.2: Modal convergence of Vrms spectrum for plate thickness of 0.7 mm at
M∞ = 0.0 for 4 × 4: ( ), 10 × 10: ( ) and 14 × 14 modes: (*).
Vertical lines represent in vacuo natural frequencies of the plate.
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Figure 6.3: Vrms spectrum for plate thickness of 0.7 mm andM∞ = 0.0. Spectrum cal-
culated by truncating 9 ms: ( ), 18ms: ( ) and 27 ms: ( )
of inital data. Vertical lines represent in vacuo natural frequencies of the plate.
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Figure 6.4: Vrms spectrum for plate thickness of 0.7 mm and M∞ = 0.0 using 0.9 s:
( ), 1.8 s: ( ) and 2.7 s: ( ) of simulation data. Vertical
lines represent in vacuo natural frequencies of the plate.
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Figure 6.5: Vrms spectrum for plate thickness of 0.7 mm and M∞ = 0.0 ( ):
analytical, ( ): numerical. Vertical lines represent in vacuo natural frequen-
cies of the plate.
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Figure 6.6: Vrms spectrum for plate thickness of 0.7 mm and M∞ = 0.9 ( ):
analytical, ( ): numerical. Vertical lines represent in vacuo natural frequen-
cies of the plate.
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Figure 6.7: Vrms spectrum for plate thickness of 0.7 mm and M∞ = 0.9 using a fluid
grid of 441 × 41 × 41: ( ) and 241 × 41 × 41 : ( ) nodes with 0.3
sec of simulation data for taking the FFT.
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Figure 6.8: Vrms spectrum for plate thickness of 0.7 mm and M∞ = 1.1 ( ):
analytical, ( ): numerical. Vertical lines represent in vacuo natural frequen-
cies of the plate.
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Figure 6.9: Vrms spectrum for plate thickness of 0.7 mm and M∞ = 2.0 ( ):
analytical, ( ): numerical. Vertical lines represent in vacuo natural frequen-
cies of the plate.
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Figure 6.10: Vrms spectrum for plate thickness of 0.4 mm and M∞ = 0.0 ( ):
analytical, ( ): numerical. Vertical lines represent in vacuo natural frequen-
cies of the plate.
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Figure 6.11: Vrms spectrum for plate thickness of 0.4 mm and M∞ = 0.9 ( ):
analytical, ( ): numerical. Vertical lines represent in vacuo natural frequen-
cies of the plate.
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Figure 6.12: Velocity of center of 0.4 mm thick plate with time forM∞ = 0.9, showing
plate response going unstable.
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Figure 6.13: Vrms spectrum for plate thickness of 0.4 mm and M∞ = 1.1 ( ):
analytical, ( ): numerical. Vertical lines represent in vacuo natural frequen-
cies of the plate.
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Figure 6.14: Vrms spectrum for plate thickness of 0.4 mm and M∞ = 2.0 ( ):
analytical, ( ): numerical. Vertical lines represent in vacuo natural frequen-
cies of the plate.
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Figure 6.15: Vrms spectrum for plate thickness of 0.7 mm at M∞ = 0.0 ( ),
M∞ = 0.9 ( ),M∞ = 1.0 ( ),M∞ = 1.1 ( ) andM∞ = 2.0
( ). Vertical lines represent in vacuo natural frequencies of the plate.
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Figure 6.16: Vrms spectrum for plate thickness of 0.4 mm at M∞ = 0.0 ( ),
M∞ = 0.9 ( ),M∞ = 1.0 ( ),M∞ = 1.1 ( ) andM∞ = 2.0
( ). Vertical lines represent in vacuo natural frequencies of the plate.
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Chapter 7
Conclusions and future work
7.1 Conclusions
Motivated by the need to improve the understanding and prediction of sound-induced
loads on aircraft panels, a theoretical model of the response of a thin elastic plate
to acoustic loading at grazing incidence in a rectangular duct with flow has been
constructed for both clamped and simply-supported plates. The theoretical model
includes the combined effect of the incident harmonic plane waves traveling in the duct
and the scattered acoustic radiation generated by the vibrating plate. The dynamic
response of the plate has been obtained through a modal expansion of the relevant
eigenmodes, and the acoustic radiation induced by the plate has been computed using
a new extension of Doak’s theory that incorporated the presence of a uniform mean
flow in the duct. Applicability criteria of the proposed theoretical model based on
(i) the plate flutter instability and (ii) the relative importance of nonlinear deforma-
tions in the plate response have been presented. The theory was verified using the
115
coupled response of a simply supported, cavity-backed plate in the absence of duct-
flow reported previously by Huang [37]. Using the analytical solution, we identified
regimes of structural and flow conditions under which structural-acoustic coupling
significantly modifies the plate response. The coupling has been quantified using
four metrics: the deviation of the peak response frequency from the in vacuo natu-
ral frequency of the plate, the amplitude of the peak response, the effective acoustic
damping of the plate and the plate modal coupling through the duct acoustic field.
The geometric and material properties for our analysis have been chosen to mimic
the conditions in the Sub Element Facility at AFRL, commonly used to study sound-
induced plate vibrations. Special emphasis has been placed on considering plate
dimensions, material properties and (clamped) boundary conditions that are relevant
to aerospace structures. Under these conditions, and consistent with the light-fluid
limit, the peak responses occur at frequencies associated with the natural frequencies
of the in vacuo modes of the plate, which are modified by the structural-acoustic
interaction. The extent of the frequency deviation depends on the compliance of the
material properties of the plate, the thickness of the plate and the flow condition
in the duct. For stiff plates in the light fluid loading limit, the structural-acoustic
coupling has little impact on the frequency of the peaks but acoustic radiation limits
the plate response amplitude.
However, for thin plates, the peak response frequency started to deviate from the
in vacuo natural frequencies of the plates. The deviation became significant in the
presence of flow at plate thickness values lower than those of typical aircraft. The
deviation of peak response frequency from the in vacuo natural frequencies for typical
aerospace panels can be thus viewed as negligible.
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The effect of the flow in the duct and of the plate thickness on the coupled response
of the plate have also been studied. For typical aerospace structures, the structural-
acoustic coupling alters the amplitude of the plate response in an amount strongly
dependent on the flow Mach number. For the conditions considered in this thesis,
with Mach numbers ranging from low subsonic to supersonic conditions, the flow has
the effect of significantly damping the peak response of plate. The theoretical model
also allowed for the extraction of an effective acoustic damping of the plate, a key
parameter often used in reduced-order models of the structural-acoustic response of
skin panels. The strong impact of the flow Mach number on that coefficient was
computed.
Flow affects the acoustic radiation by amplifying the magnitude of source strength
of acoustic radiation and also causes strong coupling of plate modes through the duct
acoustic field. The convective term in the acoustic source causes significant coupling
of odd and even plate modes, with the coupling becomes stronger at higher Mach
numbers. The magnitude of structural-acoustic coupling coefficients are extracted as
a function of frequency and Mach number for typical cases, which showed that plate
modal coupling becomes significant at higher Mach numbers. Generalized expressions
have been provided for evaluation of coupling coefficients. As a consequence of strong
dependence of coupling coefficients on the Mach number, reduced-order models based
on in vacuo modes will require Mach number dependent coupling coefficients which
can be computed using the expressions provided.
The theoretical model has been verified and extended by simulations performed
with a fully coupled fluid-structure solver. Numerical predictions of the structural-
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acoustic response of the plate in the duct have been obtained for two plate thickness
values and for various Mach numbers ranging from 0.0 to 2.0. Special emphasis has
been placed in the simulation of cases outside of the range of applicability of the
theoretical model, such as the 0.4 mm thick plate at Mach number 0.9, for which the
plate response is unstable, and in the vicinity of Mach 1.0, at which the linear theory is
expected to break down. Numerical simulations performed in the supersonic regime
have demonstrated that the magnitude of the peak amplitudes was substantially
reduced compared to their subsonic counterpart.
7.2 Future work
Multiple extensions to the models presented in this thesis can be considered with
regards to the geometry of the duct and the panel, the flow physics and the kinematic
description of the plate. The ducts have more complex geometry than the simple
duct of constant cross-sectional area considered here. For example, in the SEF, the
constant area test section is fitted between two exponential horns shown in Figure 2.1.
It is important to consider the shape of the duct while predicting the response of the
plate because the duct shape affect the duct acoustics which in turn affect the plate
response through acoustic radiation. Numerical simulations can be done to study the
effect of such geometry on the coupled response. Also, the end boundary conditions
in the duct for a practical experimental set-up are not perfectly non-reflecting. It
would be good to have an understanding of the effect of duct-boundary impedance
on the plate response. In this thesis, we have neglected the effect of radiation to the
exterior from the plate. A discussion about external radiation is given in Appendix
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E. Theoretical and numerical studies can be extended to include this effect. In some
facilities, the plates are backed by a cavity. The effect of cavity on the plate response
has been studied previously [24]. Studies can be done to control the plate response by
suitable choice of cavity geometry and fluid contained in the cavity. Also, the panels
used in aircrafts are curved. So the study can be extended to include the effect of
plate curvature on the coupled response.
In this thesis, we have considered the fluid in the duct to be inviscid and the
flow to be uniform across the cross section of the duct. More generic flow features
can be considered. The effect of a boundary layer on the plate response will be
of interest for practical design of the panels. A supersonic aircraft may encounter
shocks and other nonlinear flow features like turbulence. Numerical simulations can
be carried out for such complex flow fields. A hypersonic vehicle will encounter high
heat flux on the skin panels. So a coupled structural-acoustic-thermal analysis will be
of interest to the design community. The structural solver used in the numerical study
is linear. Structural solver with the capability to include large deformation effects can
be developed. Such nonlinear codes can be used to study the plate response at higher
decibel levels of forcing.
Better numerical algorithms can be developed to improve the accuracy of the
solution. Here the order of accuracy of coupling is first order. Faster algorithms
with higher order of accuracy can also be developed. Because of the assumed small
deformations of the plate, here we have not considered the effect of grid motion,
although the fluid code has the capability for grid motion. The inclusion of nonlinear
kinematics in the plate model will necessitate this capability in the fluid solver.
Finally, the numerical code can be used to study the unstable response of the
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plate. The numerical code can be used to study challenging fluid-structure interaction
problems like flutter, divergence instability etc. The analytical theory can be extended
to predict the onset of instability for more generic geometry and flow conditions.
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Appendix A
Modal solution
A.1 Duct modes
The pressure field in an infinite rectangular duct due to a point source is derived by
Doak as a series expansion of duct modes [22]. Huang [37] had extended this solution
to find the pressure field due to a vibrating simply-supported plate mounted flush
on one of the walls of the duct. In this section, we extend the solution to the case
for a clamped plate. The Green’s solution for Equation (4.5) for a point source in a
hard-walled duct with uniform mean flow was derived by Tester [64] as
p =
∞∑
m=0
∞∑
n=0
ρ0ψmn(y, z)ψmn(y
′, z′)
[
A+mnc
+
mnH(x− x′)exp
i(ωt−ω(x−x′)
c+mn
)
− A−mnc−mnH(x′ − x)exp
i(ωt−ω(x−x′)
c−mn
)
]
, (A.1)
where the primed quantities represents the location of the point source and
k±mn =
ω
c±mn
,
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H(x) being the Heaviside function, and wave number k±mn is given by Equation (3.4).
The Green’s function is found which satisfies the following properties: (i) Pressure
field is continuous; (ii) Satisfies the reciprocity principle; (iii)Radiation boundary
condition is satisfied as |x| → ∞ (iv)Reduces to the no-flow solution in the limit
M → 0. The continuity of pressure gives A−mnc−mn = sgn(M∞ − 1)A+mnc+mn. The
reciprocity principle for a circular duct with uniform mean flow has been shown by
Alonso et al. [4]. The procedure can be extended to show the reciprocity principle
in a rectangular duct with uniform mean flow. The governing equation is integrated
along the axis to find the coefficients
A+mnc
+
mn =
(
Q0 +
U
iω
∂Q0
∂x
)
c0
2Aαmn
,
where A is the area of the duct and Q0 is the source strength. Using the Green’s
function and the piston theory the pressure field in the duct is given by
P =
ρ0
2A
∞∑
m=0
∞∑
n=0
cmn(2− δ0m)(2− δ0n) cos
(mpiy
w
)
cos
(npiz
h
) ∞∑
j′=1
∞∑
q′=1
Vj′q′
[∫ w
0
cos
(
mpiy′
w
)
ϕq′ dy
′
] [∫ L
0
(
ϕj′ − iU
ω
∂ϕj′
∂x′
)
Gmn(x, x
′) dx′
]
, (A.2)
where
Gmn(x, x
′) = H(x− x′)e−ik+mn(x−x′) +H ((1−M∞)(x′ − x)) e−ik−mn(x−x′).
A.2 Cavity modes
The acoustic field in the cavity is governed by
∂2p
∂x2
+
∂2p
∂y2
+
∂2p
∂z2
− 1
c20
∂2p
∂t2
= 0. (A.3)
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Assuming the pressure field also has the same time dependence as the forcing
velocity, the pressure inside the cavity with a vibrating wall is [24]
P− =
∞∑
s=0
∞∑
t=0
cos
(spix
L
)
cos
(tpiy
w
)
cosh
(
Pst(hc + z)
)
(A.4)
(− ρ0iω(2− δ0s)(2− δ0s))
Zst sinh(Psthc)
∞∑
j′=1
∞∑
q′=1
Vj′q′
∫ 1
0
ϕj′ cos(spix˜) dx˜
∫ 1
0
ϕq′ cos(tpiy˜) dy˜,
where
Zst(z) = e
Psthc cosh(Pst(hc + z)), P
2
st = −
ω2
c20
+
s2pi2
L2
+
t2pi2
w2
. (A.5)
A.3 Clamped plate formulation
The expression of each of the terms in the Equation (4.12) is derived in this section.
Assuming the plate vibration has the same time dependence as that of the forcing
pressure,
∂2η
∂t2
= iωV = iω
∞∑
j′=1
∞∑
q′=1
Vj′q′ϕ
c
j′(x)ϕ
c
q′(y)e
iωt
Hence
1
wL
∫ L
o
∫ w
0
ms
∂2η
∂t2
ϕcjϕ
c
q dx dy = msiω
∞∑
j′=1
∞∑
q′=1
Vj′q′Ijj′Iqq′ =
∞∑
j′=1
∞∑
q′=1
Mj′q′jqVj′q′ ,
(A.6)
where
Ijj′ = δjj′ .
The integral of the bending term in the dynamic plate equation is
1
wL
∫ L
0
∫ w
0
B∇4ηϕcjϕcq dx dy =
B
iω
∞∑
j′=1
∞∑
q′=1
[
(λ4j′ + λ
4
q′)Ijj′Iqq′ + 2λ
2
j′λ
2
q′ I¯jj′ I¯qq′
]
Vj′q′
=
∞∑
j′=1
∞∑
q′=1
Bj′q′jqVj′q′ . (A.7)
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The integral of the harmonic forcing pressure is
1
wL
∫ L
0
∫ w
0
P˜iρ0c
2
0e
ik+x xϕcjϕ
c
q dx dy = P˜iρ0c
2
0
∫ 1
0
e−ik
+
x Lxϕj dx
∫ 1
0
ϕq dy
= P˜iρ0c
2
0 ×
4∑
m=0
I(−ik+x L, imλjL, 1)×
4∑
n=0
I(0, inλqw, 1)
= Rjq. (A.8)
Using Equation (3.6)
1
wL
∫ L
0
∫ w
0
P+ϕcjϕ
c
q dx dy =
[ ∞∑
j′=1
∞∑
q′=1
∞∑
m=0
∞∑
n=0
cmn(2− δ0m)(2− δ0n)
∫ 1
0
cos(mpiy˜′)ϕcq′ dy˜
′
∫ 1
0
cos(mpiy˜)ϕcq dy˜
∫ 1
0
ϕcj
∫ 1
0
ϕcj′Gmn(x˜, x˜
′) dx˜ dx˜′
]
ρ0L
2h
Vj′q′
=
∞∑
j′=1
∞∑
q′=1
Dj′q′jqVj′q′ (A.9)
where,
∫ w
0
cos
(mpiy′
w
)
ϕq′(y
′)dy′ =
w
2
( 4∑
n=0
KqnI(impi, i
nλq′w, 1)+
4∑
n=0
KqnI(−impi, inλq′w, 1)
)
and
Ijj′mn =
∫ 1
0
ϕcj
∫ 1
0
ϕcj′Gmn(x˜, x˜
′) dx˜ dx˜′.
Using Equation (A.4), the integral of pressure on the cavity side of the plate is
1
wL
∫ L
0
∫ w
0
P−ϕj dx dy =
∞∑
j′=1
∞∑
q′=1
[
(−ρ0iω)
∞∑
s=0
∞∑
t=0
(2− δ0s)(2− δ0t)coth(Psthc)
Zst∫ 1
0
ϕcj′ cos(spix˜) dx˜
∫ 1
0
ϕcq′ cos(tpiy˜) dy˜∫ 1
0
ϕcj cos(spix˜) dx˜
∫ 1
0
ϕcq cos(tpiy˜) dy˜
]
Vj′q′
=
∞∑
j′=1
∞∑
q′=1
Cj′q′jqVj′q′ , (A.10)
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the integrals is evaluated using (A.3). From Equations (4.13), (A.6), (A.7), (A.8),
(A.9), and (A.10);
Lcj′q′jq =M
c
j′q′jq +B
c
j′q′jq +D
c
j′q′jq + C
c
j′q′jq. (A.11)
A.4 Simply-supported plate formulation
For the interaction of sound with simply-supported plate in a duct with uniform
mean flow, the expression of each of the terms in the Equation (4.12) is derived in
this section:
1
wL
∫ L
o
∫ w
0
ms
∂2η
∂t2
ϕsj(x)ϕ
s
q(y)dxdy = msiω
∞∑
j′=1
∞∑
q′=1
Vj′q′I
s
jj′I
s
qq′ =
∞∑
j′=1
∞∑
q′=1
Msj′q′jqVj′q′
(A.12)
where
Isjj′ =
1
L
∫ L
0
ϕsj(x)ϕ
s
j′(x)dx
Using Equation (4.8), for a simply-supported plate,
Isjj′ =


1
2 if j = j
′
0 if j *= j′
.
The integral of the bending term for a simply supported plate is
1
wL
∫ L
0
∫ w
0
B∇4ηϕsjϕsq dx dy =
B
iω
∞∑
j′=1
∞∑
q′=1
[(j′pi
L
)2
+
(q′pi
w
)2]2
Vj′q′ . (A.13)
The integral for the harmonic pressure term is
1
wL
∫ L
0
∫ w
0
P˜iρ0c
2
0e
−ik+x xϕsjϕ
s
q dx dy = P˜iρ0c
2
0
∫ 1
0
e−ik
+
x Lx˜ϕsj dx˜
∫ 1
0
ϕsq dy˜
= Rsjq, (A.14)
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where the integrals are given by
∫ 1
0
e−ik
+
x Lx˜ϕsj(x˜)dx˜ =
1− e−i(k+x L−jpi)
(jpi)2 − (k+x L)2
and ∫ 1
0
ϕsq(y˜)dy˜ =
1− cos(qpi)
qpi
.
Using Equation (3.6)
1
wL
∫ L
0
∫ w
0
P+ϕsjϕ
s
q dx dy =
[ ∞∑
j′=1
∞∑
q′=1
∞∑
m=0
∞∑
n=0
c0
αmn
(2− δ0m)(2− δ0n)
∫ 1
0
cos(mpiy˜′)ϕsq′ dy˜
′
∫ 1
0
cos(mpiy˜)ϕsq dy˜
∫ 1
0
ϕsj
∫ 1
0
ϕsj′Gmn(Lx˜, Lx˜
′) dx˜ dx˜′
]
ρ0L
2h
Vj′q′
=
∞∑
j′=1
∞∑
q′=1
Dsj′q′jqVj′q′ (A.15)
and
Ijj′mn =
∫ 1
0
ϕsj
∫ 1
0
ϕsj′Gmn(x˜, x˜
′) dx˜ dx˜′.
Using Equation (A.4)
1
wL
∫ L
0
∫ w
0
P−ϕsjϕ
s
q dx dy =
∞∑
j′=1
∞∑
q′=1
[
(−ρ0iω)
∞∑
s=0
∞∑
t=0
(2− δ0s)(2− δ0t)coth(Psthc)
Zst∫ 1
0
ϕsj′ cos(spix˜) dx˜
∫ 1
0
ϕsq′ cos(tpiy˜) dy˜∫ 1
0
ϕsj cos(spix˜) dx˜
∫ 1
0
ϕsq cos(tpiy˜) dy˜
]
Vj′q′
=
∞∑
j′=1
∞∑
q′=1
Csj′q′jqVj′q′ , (A.16)
the integrals is evaluated using basic trigonometric functions. From Equations (4.13),
(A.12), (A.13), (A.14), (A.15) and (A.16);
Lsj′q′jq =M
s
j′q′jq +B
s
j′q′jq +D
s
j′q′jq + C
s
j′q′jq. (A.17)
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A.5 Evaluation of the integrals in A.3
The mode shape of a clamped-clamped beam is [67]
ϕcj(x) = cosh(λjLx˜)− cos(λjLx˜)−
cosh(λjL)− cos(λjL)
sinh(λjL)− sin(λjL) (sinh(λjLx˜)− sin(λjLx˜)) ,
where the eigenvalues, λjL satisfy the equation
cosh(λjL) cos(λjL) = 1,
where j represent the modal index and L is the length of the beam and the x-
coordinate nondimensionalized as x˜ = xL . We rewrite the mode shape as
ϕcj(x) = e
λjLx˜
(
1
2
− Cj
2
)
+e−λjLx˜
(
1
2
+
Cj
2
)
+eiλjLx˜
(
−1
2
− iCj
2
)
+e−iλjLx˜
(
−1
2
+
iCj
2
)
,
where
Cj =
cosh(λjL)− cos(λjL)
sinh(λjL)− sin(λjL) ,
and i =
√−1. Therefore, the mode shape can be written as
ϕcj(x) =
4∑
n=1
ei
nλjLx˜
(
(−1)n − Cjin
2
)
.
The integrals used in the modal solution are evaluated as follows.
I¯cjj′ =
∫ 1
0
ϕcj(x˜)
∂2ϕcj′(x˜)
∂x˜2
dx˜ (A.18)
=
∫ 1
0
4∑
n=1
ei
nλjLx˜
(
(−1)n − Cjin
2
) 4∑
m=1
ei
mλj′ L˜x (imλj′L)
2
(
(−1)m − Cj′im
2
)
dx˜,
where the individual integrals are evaluated by using
I(A,B) =
∫ 1
0
eAx˜eBx˜dx˜ =


eA+B−1
A+B if A *= −B
1 otherwise.
(A.19)
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Similarly, the integrals involving cosines and plate modes are evaluated as follows.
∫ 1
0
cos (mpiy˜)ϕq(y˜)dy˜ =
∫ 1
0
eimpiy˜ + e−impiy˜
2
4∑
n=1
ei
nλqLy˜
(
(−1)n − Cqin
2
)
dy˜,
which can be evaluated using Equation A.20.
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Appendix B
One-dimensional
structural-acoustic interaction
problem
B.1 Governing equation
x
K
M
Vmass
p0 c0 ∞
Figure B.1: Spring-mass system with acoustic radiation into a duct
In order to verify the coupled fluid-structure solver, the analytical solution of
acoustic-structure interaction of a one-dimensional spring-mass system with fluid in
a duct was found. The schematic diagram of the system is shown in Figure B.1. The
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force equation governing the equilibrium of spring-mass system is
Mx¨+Kx = −(p(0, t)− p0)A, (B.1)
where M is the mass of the piston, K is the spring constant, p(0, t) is the pressure
acting on the mass at the fluid-solid interface, p0 is the ambient pressure, x is the
co-ordinate and A is the area of the duct. Using the method of characteristics, the
speed of sound at the interface is
c(0, t) =
(
γ − 1
2
)
x˙+ c0 (B.2)
and
c(0, t) =
√
γp(0, t)
ρ(0, t)
.
Also using the isentropic relation
p(0, t)
ργ(0, t)
=
p0
ργ0
,
the differential equation can be reduced to a system of coupled non-linear ODEs:
My˙ = p0 −
(
By + c0
C
)Γ
−Kx
x˙ = y (B.3)
where C =
√
γp
1
γ
0
ρ0
, Γ = 2γγ−1 and B =
γ−1
2 with the initial conditions x(0) = x0 and
y(0) = v0.
B.2 Analytical solution and results
This system of equations can be solved using Matlab function ODE45. For a rep-
resentative problem with m = 0.8 kg, K = 4pi2104N/m, p0 = 100N/m2, ρ0 =
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Figure B.2: Displacement vs time plot for acoustic structure interaction of 1D spring-
mass-duct system
1.2 kg/m3, γ = 1.4, x0 = 0m and v0 = 0.1m/s, the displacement vs time is plotted
in Figure B.2. As can be seen from the figure, the oscillation of the mass gets damped
out due to acoustic radiation into fluid domain. For low values of velocity of mass in
comparsion to the speed of sound, it can be shown that, the governing Equation B.3
reduces to
My˙ = ρ0c0y −Kx
x˙ = y, (B.4)
showing that the impedance reaches a value of ρ0c0 for low values of velocity of the
mass.
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Appendix C
One-dimensional method of
characteristic solution for piston in
tube
Compute the flow field generated by the motion of a piston into a 1D tube filled
with a compressible fluid. The fluid is inviscid, homentropic and the properties of the
fluid can be taken as that of ideal gas. The piston moves into the channel from rest,
according to
X(t) =


1
3At
3 for 0 ≤ t ≤ 8
512
3 A for t ≥ 8
where A = 0.005 and t is the time. For comparing, the variation of density with time,
has to be calculated at x = x0, where x0 = 6. The analytical solution to the problem
is obtained by the MOC. Integrating the compatiblity conditions, for a homentropic
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ideal gas, it can be shown [47]
ν+ = u+
2a
γ − 1 = const. for dx = (u+ a)dt (C.1)
ν− = u− 2a
γ − 1 = const. for dx = (u− a)dt (C.2)
where ν+ and ν− are the characteristic variables. u is the velocity in the x-direction
and a is the speed of sound. c0 and c are the speed of sound in the undisturbed
gas and at x0 respectively. For this problem the flow field is homentropic and ν− =
u− 2aγ−1 = − 2c0γ−1 = const then all flow properties are constant along the characteristic
line dx = (u + a)dt. Consider the location x0 at time t. Based on equations (C.1)
and (C.2), it can be written:
u− 2c
γ − 1 = −
2c0
γ − 1 (C.3)
Since u and a are constant along the characteristic dx = (u+ a)dt, u = X˙(τ). Hence
c =
γ − 1
2
X˙(τ) + c0 (C.4)
where X˙(τ) is the velocity of the piston. Integrating the differential dx = (u + a)dt
from the piston to x0 we get,
x0 −X(τ) = (u+ a)(t− τ) (C.5)
Since u and a are constant along this curve,
x0 −X(τ) = (X˙(τ) + c)(t− τ) (C.6)
Using equation (C.3)
x0 −X(τ) =
(
γ + 1
2
X˙(τ) + c0
)
(t− τ) (C.7)
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For the given problem, this equation can be rearranged to give a cubic expression in
τ (
A
3
− γ + 1
2
A
)
τ 3 +
γ + 1
2
Atτ 2 − c0τ + (c0t− x0) = 0 (C.8)
This cubic expression is solved using MATLAB to find τ . Using equation (C.3) the
value of c is calculated. Since it is a homentropic flow,
p0
ργ0
=
p
ργ
(C.9)
where p and ρ are the pressure and density respectively. Using c2 = γpρ
ρ
ρ0
=
(
c
c0
) 2
γ−1
(C.10)
A code is written in MATLAB to plot the variation of density calculated using the
above equations.
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Appendix D
Numerical computation of
broadband forcing
To create a flat broadband spectrum, the technique described by Tam et al. [63] is
used. For computing the spectrum numerically, it has to be discretized. The j-th
bandwidth is written as
∆ωj = ∆ω0
(
1
2
+
ρj
2
)
,
where ρj is a random number between zero and one and ∆ω0 is the reference band-
width. Since the energy content in the bandwidth varies as the square of the ampli-
tude, the plane wave amplitude is scaled with
√
∆ωj
∆ω0
to have uniform distribution of
energy. The plane wave corresponding to the j-th bandwidth is written as
pj = A0
√
∆ωj
∆ω0
sin (ωjt+ χj) ,
where χj is a random phase varying between 0 and 2pi and ωj = ωj−1+0.5 (∆ωj +∆ωj−1).
The flat spectrum can also be created by linear combination of plane waves with and
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without random phase. For creating a flat spectrum between 50 Hz and 500 Hz, the
following three ways of forcing are
p(t) =
451∑
j=1
A0 sin (ωjt) , ωj = 50 + (j − 1), (D.1)
p(t) =
451∑
j=1
A0 sin (ωjt+ χj) , ωj = 50 + (j − 1), (D.2)
p(t) =
451∑
j=1
A0
√
∆ωj
∆ω0
sin (ωjt+ χj) , ωj = ωj−1 + 0.5 (∆ωj +∆ωj−1) . (D.3)
Equations D.1 and D.2 represent the plane wave forcing with and without random
phase, respectively. Equation D.3 represents the Tam’s forcing. The corresponding
FFT of the pressure signal for a time record of 1.8 seconds sampled every 36 ×10−5
seconds is plotted in Figures D.1 to D.3. As can be seen from the figures, the spectra
is similar for the the three methods considered. The pressure as function of time
for the three methods are plotted in Figures D.4 to D.6. It can be seen from the
figure D.4 that there is a sharp rise in the magnitude of pressure for the case of linear
combination of plane waves without random phase. This can create large loads on
the plate where the linear assumptions can break down. Hence, we have used the
loads computed using Tam’s method. It is noted that the same can be achieved using
combination of plane waves with a random phase added to it.
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Figure D.1: FFT of pressure record for forcing defined by D.1.
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Figure D.2: FFT of pressure record for forcing defined by D.2.
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Figure D.3: FFT of pressure record for forcing defined by D.3.
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Figure D.4: Pressure vs time for forcing defined by Equation D.1.
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Figure D.5: Pressure vs time for forcing defined by Equation D.2.
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Figure D.6: Pressure vs time for forcing defined by Equation D.3.
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Appendix E
External radiation
The radiation to external free space from vibrating bodies has been studied for various
geometries, a summary of which is given in Formulas of Acoustics [53]. Using Rayleigh
integral, Wallace [68, 69] computed the radiation resistance for a baﬄed beam and
plate for different modes of vibration. Chang and Leehey [15] computed the acoustic
impedance of baﬄed, clamped plates in the presence of flow and compared with
experimental results. The authors attributed the discrepancies in the comparison to
the finite plate thickness resulting in bending stifffness significantly contributing to the
wave speed. Epstein et al. [25] have examined the aeroelastic instability of infinitely
long panels enclosed in a duct; however, they neglected the effect of plate radiation
into the duct on the plate response. The study done by Hollkamp and Gordon [33]
showed that the structural-acoustic coupling can significantly modify the response of
duct-mounted panels to acoustic loads. There are limited studies quantifying external
radiation from duct-mounted plates. Boisvert and Van Buren [11, 12] have computed
the acoustic radiation impedance and directivity from spheroid-mounted pistons using
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speheroidal wave functions. Further, Boisvert and Van Buren [13] have computed the
acoustic impedance for piston mounted on elliptic cylinders using Mathieu functions.
There are few solutions available in the literature on the external radiation from a
vibrating on a rectangular duct. The computation of radiation impedance from a
vibrating-plate mounted on a rectangular duct is of interest and is left for future
work. However, to have an estimate of the effect of external radiation, the radiation
resistance using the pressure field for a baﬄed plate is compared with that for a duct
mounted plate radiating away to the interior of the duct. The plate has a prescribed
velocity of
V (x, y, t) = V0 sin
(pix
L
)
sin
(piy
w
)
sin(ωt),
where L is the length of the plate, w is the width of the plate and ω is the frequency
of vibration. The radiation resistance is computed using
S =
∫ 2pi
0
∫ pi/2
0
|Pfar|2r2 sin θ
ρ2c20LwV
2
0 /8
dθdφ,
defined by Equation (10) in [69]. The frequency is non-dimensionalized as γ = ωL
c0
√
2pi
defined by Equation (16) in [69]. For computing the radiated acoustic power into the
duct, only the plane wave mode is considered. This is because the higher duct modes
are cut-off for the frequency range considered. The cut-on frequency of the (1,0) duct
mode being γ = 1/
√
2. The comparison is shown in Figure E.1 which shows that the
external radiation is lower in magnitude compared to the radiation inside the duct
at lower frequencies. From the figure, it can also be seen that the radiative power to
the exterior from a baﬄed plate is more in comparison to the power radiated into the
duct through the plane wave mode, as the frequency approaches the cut-on frequency.
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Figure E.1: Variation of radiation resistance with non-dimensional frequency for a
baﬄed plate radiating to the farfield ( ) and a duct mounted plate radiating
into the duct ( ).
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